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Abstract 

This paper introduces the notion of generalized hyperconnected sets in topological spaces 

using Levine’s concept of   generalized closed sets. We define generalized hyperconnected 

sets and generalized hyperconnected components and study their fundamental properties. 

Furthermore, we provide necessary conditions for a topological space to be generalized 

hyperconnected. The relationship between this type of connectedness and other types is also 

presented.  Several results concerning these new concepts are obtained and proven. 
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 الملخص

باستخخذام و رلك  الشذيذة الخشابظ الوعووت في الفضاءاث الخبىلىجيتهفهىم الوجوىعاث  حن حقذينفي هزا البحث، 

الشتذيذة  وشكبتاثالهفهتىم  ، كوا حتن حقتذينهفهىهي الوجوىعاث الوفخىحت الوعووت والوجوىعاث الوغلقت الوعووت

ط شتشوبعت  الذ يتحذح، والشذيذة الخشابظ الوعووتتىلىجيت خبفضاءاث الكزلك، حوج دساست ال   .الخشابظ الوعووت

د هتي حن الخىصت  للتع عتذ و قذ .شذيذ الخشابظ الوعونبىلىجي خالخي يجب أى حخحقق ليكىى الفضاء ال ضشوسيتال

 .حوج دساست العذيذ هي الخصائص الوشحبطت بهزه الوفاهين، كوا نخائج ال

 

  فضاء  الكلماث الذالت:

 

، هجوىعت شذيذة الخشابظ، هجوىعت شذيذة الخشابظ الوعووت، هجوىعت هغلقت هعووتت، 

 .هجوىعت هفخىحت هعووت، هشكبت شذيذة الخشابظ الوعووت 

Introduction   

 The notion of generalized closed sets in topological spaces (or  -closed) was introduced and 

studied by Levine (1970). Many topological concepts related to  -closed sets have been studied 

extensively by many topologists. Balachandran et al. (1991) defined and studied generalized 
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continuous maps, while Dunham (1982) introduced the notion of a  -closure operator. Several  -

topological concepts have been defined and developed (see, for instance, Caldas et al., 2007; Cao 

et al., 2002; Dunham, 1977). The concept of hyperconnected spaces was introduced by Steen and 

Seebach (1970), and various related concepts have been investigated by many researchers (see 

for instance, Chutiman & Boonpok, 2023; Sasikala & Deepa, 2021). 

The purpose of this paper is to introduce and investigate the notion of  -hyperconnected sets in 

topological space. We study various properties of  -hyperconnected sets and prove some basic 

results. Furthermore, we introduce and study the notion of   -components. Finally, we provide 

necessary conditions for   -hyperconnected topological spaces and investigate some of their 

properties. 

2. Preliminaries 

Definition 1. A subset   of a topological space   is said to be generalized closed (briefly,  -

closed) if  ̅    whenever   is open and    . The complement of a  -closed set is called 

generalized open (briefly,  -open) (Levine, 1970). 

The class of all  -closed (resp.,  -open) sets will be denoted by       (resp.,      ). 

Observation 1. (1) Every closed set is  -closed (Levine, 1970).  

(2) If   and    are  -closed sets, then       is  -closed, while       need not be  -closed 

(Levine, 1970). 

Definition 2.  A topological space is   

 

 if each  -closed set is closed (Levine, 1970). 

Theorem 1.  Every    space is   

 

 and every   

 

 space is    (Levine, 1970). 

Theorem 2.  A topological space is   

 

 if and only if each singleton is either closed or open 

(Dunham, 1977). 

Theorem 3.  For each      , either     is closed or the complement of     is  -closed 

(Dunham, 1982). 

Definition 3.  The  -closure  ̅  of a subset   of    is the intersection of all  -closed sets that 

contains    (Dunham, 1982). 

Definition 4.  A topological space   is said to be hyperconnected (resp., ultraconnected) if   

cannot be written as the union of two proper closed (resp., open) sets (Steen & Seebach, 1970). 

Definition 5.  A topological space is said to be  -connected if  it cannot be written as a disjoint 

union of two nonempty  -open sets (Balachandran et al., 1991). 
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Definition 6.  A function        is said to be  -irresolute (Balachandran et al., 1991) (resp., 

 -continuous (Balachandran et al., 1991), contra  -continuous (Caldas et al., 2007)) if the 

inverse image of every  -closed (resp., closed, open) set in   is  -closed (resp.,  -closed,  -

closed) in    

3.  -Hyperconnected Sets in Topological Spaces  

In this section, we introduce and investigate the concept of  -hyperconnected sets in topological 

spaces.   

Definition 7. A subset   of   is said to be  -hyperconnected if     or     whenever 

     ,      are  -closed sets. 

Example 1. Let     with the cofinite topology, then any infinite subset of   is  -

hyperconnected. 

Theorem 4.  Let   be a  -hypeconnected set in   and    . If   is  -open in  , then    is  -

hyperconnected. 

Proof. Suppose, for a contradiction, that   is not  -hyperconnected in  , so there are  -closed 

sets   and   such that       and    ,    . Define          , so   is  -closed 

since both     and   are  -closed. Observe that       and    ,      which 

contradicts the assumption that    is a  -hyperconnected set. Therefore,   is a   -hyperconnected 

set in  . 

Corollary 1. The interior of a  -hyperconnected set is also  -hyperconnected. 

Observation 2. If   is a subset of a  -hyperconnected set   and   is  -closed in  , then   need 

not be  -hyperconnected. To illustrate this, consider the following example. 

Example 2. Let    be the particular point topology on a set  , where  | |   ,  then   is  -

hyperconnected. If     , | |   , and     , then    is   -closed but not  -hyperconnected. 

The following theorem shows that a  -hyperconnected set has a  -hyperconnected  -closure. 

Theorem 5. If   is a  -hyperconnected set in  , then  ̅  is   -hyperconnected. 

Proof. Suppose, for a contradiction, that  ̅  is not  -hyperconnected, so there are  -closed sets 

    such that  ̅            ̅   ,   ̅   . Since    ̅ , which implies that     

 , we have two cases: 

(1) If     and      then   is not  -hyperconnected, which is a contradiction. 
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(2) If      (the case      is similar), then by the definition of the  -closure and the 

assumption that   is  -closed, we have   ̅   , which is a contradiction of our assumption that 

 ̅   . 

Therefore, from cases (1) and (2), we conclude that  ̅  is  -hyperconnected in  . 

Observation 3. If         are  -hyperconnected sets and        , it is not true in general 

that       is  -hyperconnected; this is illustrated by the following example.  

Example 3. Let            and                        , so we have 

                           . If          and            then            In this 

case, each of           is  -hyperconnected, but         is not  -hyperconnected.   

The following theorem describes the images of  -hyperconnected sets under certain types of 

functions. 

Theorem 6. Let        be a surjection and let    be  -hyperconnected in  . 

(1) If   is  -irresolute then       is   -hyperconnected in  . 

(2) If    is   -continuous then       is  hyperconnected in  . 

Proof.  (1) Suppose, for a contradiction, that      is not  -hyperconnected in  , so         

  for some  -closed sets   and    and        ,        . Now, both                    

are  -closed in   since   is  -irresolute. It follows that                   with    

       and          , so   is not  -hyperconnected in  , which is a contradiction. 

(2)  The proof of this statement follows along the same lines as in (1). 

Now, we give the definition of   -components in a topological space. 

Definition 8. A  -hyperconnected component (briefly,   -component) in   is defined to be a 

maximal  -hyperconnected set in  . 

Example 4. Let        be an excluded point space, then for each          ,       is a   -

component in  .  

Observation 4. (1) If          are   -components, then it is not necessarily true that      

 . In Example 4, the intersection of any two   -components is    . 

 (2) The union of all   -components in   is  .  

A    -component is not necessarily closed, but the following result shows that each    -

component in a space is equal to its  -closure. 
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Theorem 7. If   is a   -component in   then    ̅ . 

Proof. Since   is a  -hyperconnected set, it follows from Theorem 5 that   ̅  is also  -

hyperconnected in  . By the definition of the  -closure we have     ̅ . Since   is a   -

component, i.e., a maximal  -hyperconnected set, it follows that   ̅   . Therefore,    ̅ . 

Theorem 8. If        is a  -irresolute surjection and if   is a   -component in    then       

must lie in a   -component in  . 

Proof. Since   is  -hyperconnected in  ,  then, from Theorem 6, we have      is also  -

hyperconnected in  . It follows immediately that          for some    -component    in  . 

4.   -Hyperconnected Topological Spaces 

Definition 9.   is said to be a  -hyperconnected space if   cannot be written as the union of two 

proper  -closed subsets of  . Equivalently,   is   -hyperconnected if any two nonempty  -open 

sets intersect. 

Obviously, any  -hyperconnected space is hyperconnected, but the converse is generally false as 

shown by: 

Example 5. Let   be an indiscrete space with | |   , so       is the power set of  . Hence,   

is hyperconnected but not  -hyperconnected. 

The implications between  -hyperconnectedness  and  different types of connectedness can be 

summarized by: 

 

 

Observation 5. It is known that if       and        is hyperconnected (resp., connected), then 

       is also hyperconnected (resp., connected). However, if        is  -hyperconnected then 

       need not be  -hyperconnected. For example, if         is any  -hyperconnected space 

and        is the indiscrete space, then        is the power set of  , so        is not  -

hyperconnected. 

The following theorem provides necessary (but not sufficient) conditions that a space must 

satisfy to be  -hyperconnected. 

-hyperconnected space              hyperconnected space 

                                   

-connected space                          connected space 



29 

 

Theorem 9. If   is a  -hyperconnected space, then either   is a      space or   satisfies the 

following condition: there exists     such that     is neither closed nor open, and for each 

         is closed and not open. 

Proof.  Suppose   is neither a      space nor satisfies the condition above.  This assumption, 

together with Theorem 2, implies that we have exactly the following possible cases: 

(1) There are              such that each of      and     is neither closed nor open. Hence, 

from Theorem 3, we have       and       are  -closed sets. Therefore, since          

     ,   is not  -hyperconnected. 

(2) There are            , such that     is open, and     is neither closed nor open. Thus, 

      is a closed set, and from Theorem 3,       is  -closed. Since              ,   is 

not  -hyperconnected. 

Therefore, from cases (1) and (2), the proof is complete.  

Observation 6. The converse of Theorem 9 is generally false; we illustrate this by the following 

examples. 

 Example 6.   with the usual topology is a      space, but it is not  -hyperconnected. 

Example 7.  Let     and let   be the topology defined as follows 

                                                   , 

 so each singleton in   is closed and not open except the singleton      which is neither closed 

nor open. According to Theorem 3, the set       is  -closed in  . Therefore, since   

             ,    is not  -hyperconnected. 

From Theorem 1 and Theorem 9, we have the following two corollaries. 

Corollary 2. If   is a      space, then    is hyperconnected if and only if   is  -hyperconnected. 

Corollary 3. If   is a  -hyperconnected space, then: 

(1)   is a    space. 

(2) Any two distinct points in   cannot be separated by disjoint  -open sets, so   is not a 

Hausdorff space. Moreover,   is neither a regular space nor a normal space. 

(3) No  -continuous function           is surjective, where       is the discrete space. 
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Observation 7. Let      and suppose that        is  -hyperconnected as a topological 

subspace of  , then   need not be  -hyperconnected as a subset of    This can be illustrated by 

the following example. 

Example 8. Let   be equipped with the cofinite topology,         be the indiscrete space, and 

      be the product space (also known as the double-pointed cofinite space) (Steen & 

Seebach, 1970). If        , then the subspace        has the cofinite topology and is 

therefore  -hyperconnected. However,   is not  -hyperconnected as a subset of   since, from 

Theorem 3,            is  -closed  for each     ; so                       for some 

distinct points       , and                           

 Theorem 6 showed that  -hyperconnectedness is preserved under  -irresolute surjections. Now, 

we consider a different class of functions and obtain the following result. 

Theorem 10. Let       be a contra  -continuous surjection. If   is  -hyperconnected, then   

is ultraconnected.  

Proof. If   is not ultraconnected, then       for some proper open sets     ; so    

             . But               are  -closed in   since   is contra  -continuous, so   

is not   -hyperconnected.  

5. Conclusion 

 In this research, the concept of generalized hyperconnected sets was introduced and studied 

using  -open and  -closed sets. Other forms of hyperconnectedness can be investigated by using 

different types of generalized open sets, such as pre- -open sets and semi- -open sets.  

Moreover, this concept can also be extended to other branches of topology, such as soft topology. 

Although this study has focused on the purely theoretical aspects of general topology, it is 

important to note that topological concepts have also been applied in various practical fields such 

as data analysis and decision-making problems (see, for example, Patel & Duraphe, 2024; Chazal 

& Michel, 2021).  Applying generalized forms of connectedness in such fields is likely to be 

useful for understanding the relationships and connectivity among specific elements within a 

system, and it can lead to valuable results and improved decision-making processes. Future 

research related to generalized hyperconnectedness could be pursued in this direction and other 

practical fields. 
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