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     ABSTRACT  
This paper describes ananalytical model created for the turbulent wall jet-
induced unstable scour hole. Also presented is the use of the analytical 
model for various wall jet situations. Estimates of Reynolds Stress at 1 cm 
above the bed at various streamwise locations for a rough bed were made 
using anAcoustic Doppler Velocimeter ADV.The results revealed that the 
region near the wall jet, where there is flow recirculation, is the part of the 
flow that is the most sensitive to Reynolds stressfor flows over both a fixed 
rough bed and a mobile bed. The analytical model matches the 
experimentaldata well in the region after x/b0 15, where the non-
dimensional error was 0.0035. 

1. INTRODUCTION  
Accurate determination of the bed shear stress distribution is one of the 
most important requirements needed to predict local sediment transport 
rates and hence local scouring. Limited attention has so far been paid to 
the shear stress pattern in submerged wall-jets over fully rough beds and 
the way in which the shape of these beds have been changed by local 
scouring processes. The resulting movement of the bed material in the 
direction of flow can be estimated once the local applied shear stress has 
exceeded the local critical bed shear stress.The critical shear stress is 
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referred to as the initial motion condition (Nalluri et al. 2001) and is 
estimated based on a ratio of the submerged grain weight the applied 
boundary shear stress, and the local bed slope following the ideas of 
Shields (1936). More recent work by Dey et al (2007) presented the 
Reynolds and boundary shear stresses in submerged jets on horizontal 
rough boundaries. They measured the flow in submerged jets on horizontal 
rough boundaries with an Acoustic Doppler Velocimeter (ADV). Their 
results showed that the boundary shear stress in the vertical profiles 
increases with an increase in boundary roughness.  
An early approach to predict the bed shear stress distribution over a rough 
fixed bed caused by a submerged wall jet is the formula developed by 
Hogg et al. (1997). They presented new scaling laws for the spatial 
variation of the bed shear stress of a two-dimensional turbulent wall jet 
flowing over a fixed rough boundary. These laws were then used in the 
development of an analytical framework to model the progressive erosion 
of an initially flat bed of grains by a submerged turbulent jet.Use of scaling 
laws for the downstream variation of the boundary shear stress then 
permits the calculation of the shape of the steady-state scour at different 
time steps. In this case, they applied the jet flow scaling over fixed rough 
boundaries to erodible boundaries, on the assumption that the aspect ratio, 
i.e. the ratio of the depth of erosion to streamwise extent of the scour hole, 
is small. The authors estimated the shear stress exerted by a diffusive jet 
by integrating the momentum equation for 1D flow on the assumption that 
hydrostatic pressure holds and streamwise variations of normal stress are 
negligible. This led to the streamwise rate of change of the momentum flux 
being described by the following equation: 

    
 

  
∫     

 
                                                   (1) 
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Where u represents the jet velocity varying along the longitudinal and 
vertical directions. This model requires that the mean flow does not 
separate from the boundary at any downstream location to avoid the need 
to introduce models of regions in which there is flow recirculation. The 
profile of the scour hole was calculated by defining a profile that leads to 
an equalling of the shear stress distribution along the bed surface to the 
critical shear stress for incipient motion. They calculated the critical value 
of the ratio         for incipient motion on a bed with a longitudinal 
gradient: 

         
        

    
                                             (2) 

Where  is the bed–slope angle and  is the angle of repose. In this study 
they assumed that scaling laws for a wall jet over a fixed boundary can be 
used for a jet over an erodible rough boundary.However, their predictions 
of the shear stress caused by a submerged jet over a fixed bed do not 
describe the physical shape compared with the experimental data that was 
provided by Ghoma(2011). Also, the authorsdo not show the shear stress 
change from fixed bed to mobile bed. This change and the transport rates 
couldenable estimation of the shape of the scour hole physically.  
The relationship between the rough fixed bed and mobile bed is expected 
tolink to the shape of the scour hole. In this study, experimental data will 
be used to develop an analytical model for the development of the shape 
of the scour hole. 

2. OBJECTIVE  
The main aim of this study is to understand the effect on wall jet flow of a 
rough, potentially mobile, sediment bed in an open-channel flow and then 
the effect of the jet on the local scouring pattern on the rough sediment 
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bed. In this paper we investigate the development of an analytical model 
that can be used to predict how the shape of the scour holechanges with 
time. The model will describe the use of a different class of statistical 
equation that is better able to predict the shape of the bed shear stress 
distribution. This new class of equation is linked with a sediment transport 
rate function and models local sediment volumetric conservation to predict 
the shape of an evolving scour hole. 

3. THE DEVELOPMENT AND APPLICATION OF AN ANALYTICAL 
MODEL  

3.1 SHEAR STRESS DISTRIBUTION  
The scour problem is caused by the local movement of sediment beneath 
the turbulent jet. Given that the local sediment transport is strongly related 
to bed shear stress, a model that is able to simulate the temporal change 
in shear stress pattern is necessary to predict the unsteady development of 
the shape of the scour hole. As reported above, Hogg et al. (1997) 
developed an analytical model to describethe progressive erosion of an 
initially flat bed of grains by a horizontal turbulent jet. Their study applied a 
jet flow scaling of streamwise bed shear stress developed over fixed rough 
beds to mobile beds. For the rough fixed bed they proposed that the 
streamwise variation in bed shear stress is given by: 

          
 (

 

  
)
       

(
  

  
)
       

                                              
(3) 

For a mobile bed they assumed that the bed shear stress for the flow of a 
two-dimensional jet over an erodible boundary is equivalent to the flow of 
a two-dimensional jet over a fixed rough boundary is given by equation (3) 
multiplied by a factor G(h,x). They suggest that the streamwise shear 
stress of an potentially erodible bed is given by: 
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                                                 (4) 
In this equation they suggest that G(h,x) is a shape function to account for 
the change in the shear stress profile when the boundary is no longer 
horizontal. The G(h,x) function for the fixed bed condition where the 
boundary is flat (h=0) is given byG(0,x)=1, but other than this assumption 
there is no available model or data to predict the variation of G. They 
proposed a Gaussian G (h,x) function as follows: 

        {
                                                                 

   ( (
 

     
)
 

)                                                         
             

(5) 
Where C7 is a constant and  is the boundary layer thickness, which 
varies with downstream position.  

Figure (1)shows the non-dimensional bed shear stress variation with 
distance over a rough fixed bed as calculated from Hogg et al. Equation 
(4) and the experimental results for streamwsie distribution of Reynolds 
stress (-ρ    ̅̅ ̅̅ ̅̅ ) obtained in this study for afully fixed rough bed. The 
experimental data presented in figure (1) shows the mean streamwise 
profile of Reynolds stress for 11 tests that were reported by Ghoma(2011). 
All the experiments indicated that the position of the maximum Reynolds 
stress was not located close to the wall jet. Also the experimental results 
show that Reynolds stress decreases with an increase in streamwise 
distance (x/b0) after the location of the maximum Reynolds stress. The 
equation proposed by Hogg et al. (1997) to describe the shear stress 
distribution does not describe the shape of the measured shear stress in 
two key ways. Firstly the zone close to the jet inlet has an increasing 
pattern of bed shear stress, so that the direction of the gradient compared 
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to the relationship of Hogg et al. is different,and secondly the maximum 
streamwise gradient is not at x=0, but at x 15. These two factors will 
have a significant impact on the erosion rate as this is dependent on the 
rate of change of the bed shear stress in the streamwise direction. 
 

 
 

Figure 1. shear stress distributions over fixed rough bed 

Hogg et al. (1997) have modified the results for flows over fixed 
boundaries to provide a prediction of shear stress over erodible 
boundaries. They then balanced the mobilizing and resisting moments on 
the particles at the surface of the sloping bed, to obtain critical conditions 
for incipient particle motion with regard to the local bed slope. The 
calculation of steady-state erosion profiles relied on a simple model of the 
change in the distribution of shear stress, which neglects regions of flow 
separation and recirculation. 
The results from several tests showed that the streamwise Reynolds stress 
distribution over a fixed bed commonly had a convex form. The Reynolds 
stress acting on the equilibrium scoured bed was calculated from the 
measured streamwise and vertical flow velocity data (Ghoma, 2011). The 
data collected has been used to first identify new statistical equations 
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thatmay be potentially more suited to describe the streamwise pattern of 
bed shear stress and then to calibrate these equations so that any 
modified analytical model of unsteady scour hole development can be 
tested. It was assumed that the models were most sensitive to shear 
stress pattern so the method of estimating the local sediment transport 
rates was not changed. The sediment on the bed surface can be assumed 
to be potentially susceptible to a motion once the local bed shear stress 
(  ) exceeds a characteristic critical bed shear stress (  ). The bed shear 
stress over a rough fixed bed and inside the scour hole is calculated by a 
new form of relationship as follows:  

  

       
       (   (

 

  
))        ( (

 

  
) ),(6) 

where A, B, C and D are empirically derived constants. The constants in 
the above equation of bed shear stress are estimated from the 
experimental data for different conditions as shown in Table 3.2 (Ghoma, 
2011). The performance of this method is examined by calculating the 
differences between the observed and predicted values of boundary shear 
stress as shown in Figures (2) and (3).  

4. EXPERIMENTAL AND ANALYTICAL RESULTS 
4.1 REYNOLDS STRESS AND EQUATION (6) 

Figures (2) and (3) show a comparison between the Reynolds stress 
obtained using available experimental data and equation (6). The results 
show that the predicted Reynolds stress fromequation (6)does not match 
well close to the wall jet, but gives much better results after x/b0 ≈ 15.  
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Figure (2).Comparison of non-dimensional Reynolds stress over 
rough fixed bed at wall jet (b0 = 0.01m) 

 

Figure (3)Comparison of non-dimensional Reynolds stress over 
rough fixed bed at wall jet (b0 = 0.02m) 

The values of the calibration constants determined using the experimental 
data are shown in Tables (1) and (2), together with the average size of the 
error for bed Reynolds stress calculated using equation (6) in comparison 
to the experimental data. When the wall jet height was (b0 = 0.01m), the 
constant value for equation (6) is shown in Table (1), and when it was (b0 
= 0.02m), it is shown in Table (2). The findings demonstrate that the 
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Reynolds stress increases as the height of the wall jet increases from 0.01 
to 0.02 meters. 

Table 1. Values ofempirical calibration constants for equation (6) for 
awall jet height b0 = 0.01m 

Test Equation(6) RMS error non-

dimensional 

Reynolds stress 

 

A B C D 

A1 -0.0360 15.502 0.0493 0.0477 0.0025 

A2 -0.0254 15.399 0.0663 0.0452 0.0028 

A3 -0.0215 15.407 0.0708 0.0475 0.0020 

A4 -0.0318 15.419 0.0578 0.0531 0.0032 

A5 -0.0284 15.489 0.0454 0.0398 0.0025 

A6 -0.0323 15.487 0.0433 0.0458 0.0026 
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Table 2.Values for empirical callibration constants for equation 5.6 
for awall jet height b0 = 0.02m 

 

Reynolds stresses calculated using equation 6 and the available 
experimental data are compared in Figure 4. The findings demonstrate that 
equation 6 performs poorly in the vicinity of the wall jet inside the scour 
hole, but performs well in the region after x/b0 15, where the non-
dimensional error was 0.0035. 
 

Test Equation 6 RMS error 

non-dimensional 

Reynolds stress 
A B C D 

B1 -0.0444 15.291 0.1732 0.0943 0.0049 

B2 -0.0402 15.461 0.1215 0.085 0.0019 

B3 -0.156 15.623 0.0390 0.1088 0.0035 

B4 -0.0739 15.329 0.1551 0.1089 0.0054 

B5 -0.0719 15.427 0.1213 0.1061 0.0024 

B6 -0.0328 15.352 0.1519 0.0748 0.0035 
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Figure 4.Comparison of Reynolds stress inside the scour hole 

4.2 REYNOLDS STRESS AND EQUATION (8) 

The results for the flow over a fixed rough bed and a mobile bed show that 
the sensitive part to the Reynolds stress is the region close to the wall jet 
where there is flow recirculation. The results also show that equation 
6doesnot work well close to the wall jet but gives good results and fits well 
with the experimental observations after x/b0 ≈ 15.  
A new distribution was studied that was believed to address the concerns 
described above. A distribution was required that was able to simulate the 
rapid streamwise increase in bed shear stress observed just downstream 
of the jet entry. It was considered that a distribution with two zones of 
exponential growth and decay, and a continuous transition was needed. 
Barndorff-Nielsen (1978) developed a family of probability distributions 
with exponential power growth and tail-off to describe such a probability 
function and is in the form:  
 

P(x; φ, ɣ, x, Ψ, µ, δ) =a (φ, ɣ, x, Ψ, δ)       

 
   √          

          √                      (7) 
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Where a (φ, ɣ, x, Ψ, δ) is the normalising constant, µ         is a 
location parameter, δ>0 is a scale parameter, and where the remaining 
four parameters φ, ɣ, x and Ψ are all > 0 and describe the rate of growth 
and decay of the exponential tails of the distribution. Given the shape of 
this distribution and its similarity to the experimental data it was decided to 
use this distribution in this study. The equation for the distributions 
developed by Barndorff-Nielsen (1978) can be written as: 

  

       
 

      
 

 
   √                    √              

    (8) 
Where (φ, ɣ, x, Ψ, δ) are the constants. The constants in the developed 
equation of bed shear stress are estimated from the experimental data for 
different conditions. The difference between the observed and predicted 
values of boundary shear stress is shown in figures 5 and 6.  
Figures 5 and 6 show a comparison between Reynolds stress obtained 
using available experimental data and equation 8. Figure 5 shows the 
relationship between the experimental data and equation 8 when the wall 
jet height was b0 = 0.01m,with different velocity inlet.Figure 6 shows the 
same relationship with the same experimental data but with different wall 
jet height b0 = 0.02m. The results show that equation 8works well close to 
the wall jet. 
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Figure 5. Comparison of non-dimensional Reynolds stress over 
rough fixed bed at wall jet (b0 = 0.01m) 
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Figure 6Comparison of non-dimensional Reynolds stress over rough 
fixed bed at wall jet (b0 = 0.02m) 

When utilizing equation 8 to compare predictions of the bed shear stress 
distribution with data, the values of the empirical calibration constants and 
the error for each test are shown in Tables 3 and 4. 

Tables 3 and 4 indicate significant improvement for the overall fitting 
accuracy for Reynolds stress over rough fixed bed. The results show that 
the parameter 4.32<δ < 6.73 is a scale parameter and the parameters φ, 
ɣ, x and Ψ are the remaining parameters. Tables 3 and 4 show that the 
parameters ɣ and x increased as the velocity increased but the parameter 
φ decreased and Ψ is almost stable. Thedistribution of these parameters 
gives a good agreement to the Reynolds stress of the experimental data in 
all tests. In test A1 the shape factor value increases from 0.002 to 0.008 
as we go from left to the right on the horizontal axis as the location 
parameter µ in equation 8 then starts to decrease towards zero. In general 
equation 8works well in all regions and fits well with the experimental data. 
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Table 3Values of the calibration constants value for equation 8 at wall 
jet height b0 = 0.01m 

Test Equation 8 RMS error 

non-

dimensional 

Reynolds stress 
φ ɣ x ψ δ 

A1 1.6767 3.1482 0.5411 0.3373 5.2317 0.0021 

A2 1.6268 3.001 0.5798 0.3640 5.1930 0.0022 

A3 1.6746 3.0170 0.5673 0.3796 5.2355 0.00077 

A4 0.0513 7.2488 1.6859 0.15955 4.3278 0.0018 

A5 0.7016 5.2845 0.8249 0.2092 4.6896 0.0019 

A6 0.6686 5.2823 0.8483 0.2242 4.6760 0.0020 

 

Test Equation 8 RMS error 

non-dimensional 

Reynolds stress  

φ 

 

ɣ 

 

X 

 

ψ 

 

δ 

B1 5.599E-04 5.1299 2.8548 0.5574 4.6837 0.0027 

B2 6.29E-04 6.1009 2.7673 0.2446 6.4972 0.0036 

B3 4.36E-05 6.3264 3.4813 0.2638 6.7332 0.0048 

B4 4.97E-06 5.0919 4.2527 0.4617 5.9038 0.0055 
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Table 4Values of the calibration constants value for equation 8at wall 
jet height b0 = 0.02m 

 4.3 EXPERIMENTAL AND EQUATION (8) 

Figure 7 shows a comparison between the bed shear stress obtained 
using experimental data and the theoretical shear stress (using equation 8) 
inside the scour hole. The agreement is reasonably good with an average 
error in non-dimensional stress of0.0017. 

 

Figure 7Comparison of Reynolds stress inside the scour hole 

Figure 8 shows the Reynolds stress change from fixed bed to mobile bed 
by changing the parameter (ɣ) in equation 8. This equation was carried out 
with the change of that parameter (ɣ) presenting a new way for estimating 
the shape of the scour hole. The relationship to predict the changing bed 
shear stress pattern from fixed bed to mobile bed was used to calculate 

B5 1.02E-06 5.8181 4.6446 0.3075 6.7125 0.0038 

B6 1.41E-06 5.8207 4.6472 0.3216 6.7140 0.0045 
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local sediment transport and then the temporal changes in the scour hole 
shape. 

 

 

Figure 8Non-dimensional Reynolds stress changing (a) over a rough 
fixed bed and (b) inside the scour hole 

Figure 8 demonstrates that, with a very slight error of roughly 0.0017, that 
the Barndorff-Nielsen equation (Equation 8) closely matches the laboratory 
results. In contrast to earlier formulae, it also produces good results in the 
area near the wall jet. Local sediment transport and subsequent temporal 
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variations in the geometry of the scour hole were calculated using the new 
type of relationship to forecast the changing bed shear stress pattern. 

4.4 BEDLOAD TRANSPORT  
The distribution of bed shear stress throughout the bed surface can be 
used to compute the contour of the scour hole. The maximum scour depth, 
scour shape, and scour length are some of the arguments used to model 
the design parameters of the scour process. The majority of the time, 
when sediment is transported by a flow as a bed-load, it is in the form of 
bed material particles that are sliding and rolling directly above the bed. In 
the literature, there are numerous bed-load transfer rate formulae. Most of 
them connect a shear stress above a critical bed shear stress value to a 
bed-load transport rate. This study made use of the Meyer-Peter-Muller 
formula: 

       
      

 

 
        

    
  3/2,                                    (9) 

where ∆ρ = ρs – ρ. The critical shear stress parameter,     , with respect to  
    
  (for an almost flat bed) depends on the bed slope angle   and the 

angle of repose φ in the form of: 

  
       

          

    
                                              (10) 

The functional form of (9) was derived for particle transport on a mobile 
bed. Then the temporal evolution of the scour hole can be studied by 
adopting a sediment conservation equation (the Exner equation). In two 
dimensions, this gives 

     
  

  
 

   

  
                                                    (11) 
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Where p is the porosity of the bed. The relationship between Reynolds 
stress and transport rate is then used to predict the changing location of 
the surface of the scour hole. Mean average Reynolds stress was used in 
the analytical model with 7 time steps. The duration of the time step was 
increased as the velocity decreased because of the small transport rates. 

4.5 USE OF THE MODEL AS A PREDICTION TOOL 
By taking into account the shear stress distribution along the bed's surface, 
the profile of any scour hole may be computed. Using the models created 
in this study, three alternative scour profiles were estimated. The following 
figures show the comparison between the output and the experimental 
data for the scour hole profile predictions made with MATLAB code. 

 Table 5. The experimental conditions for tests with mobile bed 

Figure 9 (a, b and c) shows the comparison between the experimental 
data for Tests C1, C4 and C6 (Table 5) and equation 6 of a scour hole 
formed by a wall jet. The result showed asimilar depth of scour hole but 

Test Q 

[m
3
/s] 

Ujet 

[m/s] 

b0 

[m] 

Fr 

[-] 

Re 

[-] 

h2 

[m] 

h1 

[m] 

hw 

[m] 

d50 

[m] 

Time of 
run  

(hour) 

[h] 
C1 0.0014 0.72 0.01 2.29 7165.54 0.165 0.108 0.08 0.00063 10 

C2 0.0013 0.66 0.01 2.11 6598.27 0.15 0.10 0.08 0.00063 10 

C3 0.001 0.50 0.01 1.59 4976.07 0.135 0.10 0.08 0.00063 10 

C4 0.0009 0.45 0.01 1.43 4478.46 0.125 0.10 0.08 0.00063 10 

C5 0.0008 0.40 0.01 1.27 3980.85 0.120 0.10 0.08 0.00063 10 

C6 0.0006 0.35 0.01 1.11 3483.25 0.115 0.10 0.08 0.00063 10 
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did not give the right position of the bed material downstream. The results 
showed poor agreement with experimental data on the evolution of the 
scour with time.  
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Figure 9.Comparison of scour holes for Analytical model and 
Experimental data for (a) Test C1, (b) Test C4 and Test C6 

Figure 10 (a, b and c) shows the comparison between the results of the 
experimental tests C1, C4 and C6 (Table 5) and the analytical model using 
equation 8. In this figure, the red colour is the analytical model results and 
the black colour is the experimental data. It is observed that the analytical 
model gives the same depth as the laboratory results and also gives the 
peak position of the sediment dune. The comparisons between the 
experimental data and the analytical model need more improvement. The 
analytical model was less successful but it is the first model to give the 
relationship between Reynolds stress and transport rates to predict the 
shape of the scour hole. 
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Figure 10.Comparison of scour holes for Analytical model and 
Experimental data for (a) Test C1, (b) Test C4 and Test C6 

Table 6 presents the comparison between the experimental data and 
equations 6 and 8. Three different tests of the scour hole were calculated 
using equations 6 and 8, developed in this section. For scour hole depth 
and length, comparisons were between the experimental data and 
analytical solution. The results indicate that both equations (6 and 8) give 
similar scour depth but do not give a similar prediction of length. Overall 
the maximum scour depth is in good agreement with experimental results. 
The relationship of equation 8 gives better prediction of the shape of the 
scour hole. 
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Table 6. Comparison of scour holes for Analytical model and 
Experimental data for Test C1, C4 and C6: 

Test Ujet 

(m/s) 

b0 

(m) 

Experimental Equation 5.6 Equation 5.8 

ds 

(m) 

Ls 

(m) 

ds 

(m) 

Ls 

(m) 

ds 

(m) 

Ls 

(m) 

C1 0.72 0.01 0.073 0.32 0.073 0.12 0.073 0.14 

C4 0.45 0.01 0.043 0.20 0.044 0.12 0.043 0.13 

C6 0.35 0.01 0.037 0.18 0.34 0.12 0.037 0.14 

5 CONCLUSION  
The shape of the scour holes created by turbulent jets was predicted using 
a variety of models that were presented in this paper. These models used 
empirically calibrated analytical expressions to describe the streamwise 
variation of bed shear stress, critical shear stress, and the resulting local 
sediment transport rate. 

The primary cause of the scouring pattern is the bed shear force that the 
wall jet produces. Analytical formulae calibrated with experimental data 
were used to estimate the scour formation. The scour profiles acquired 
from trials were compared with the predictions of the analytical models. It 
was clear from this comparison that the final shear stress predictor 
equation provided more accurate scour forecasts than the earlier model. It 
can be asserted that this model has produced reasonable outcomes in a 
variety of circumstances. 
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Future work should be focused on the investigation of scour shape for 
non-uniform sediment, which has more practical significance. 
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