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Abstract:

In this article, the computational Steffensen’s method is presented for solving
Fredholm integral equation of the second kind. The scheme is based on open
quadrature formulas. A comparison between the results of the exact solution and
the approximate solution were done and showed that the scheme is straightforward
and applicable for this integral equation and other types of integral equations.

Keywords: Stevenson's method, Fredholm integral equation, open sale formulas,
exact solution, approximate solution.

1. Introduction
The most general type of linear integral equation in y(x) is of the form [1]:

*

90Oy = F(x) + 2 f K (x, O)y(6)dt 1)

a
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The upper limit (*) may be either variable or fixed. The functions g, f and the so-
called kernel k are given, while the function y(x) is unknown, A is a constant and
non-zero parameter and its value is called eigenvalue, or characteristic value of that
equation [2]. If the limits of integration in (1) are constant, the integral equation is
called a Fredholm integral equation, such an equation can be derived from
boundary value problems with given boundary conditions [1]. FIEs have numerous
applications in various fields, including potential theory, wave propagation,
scattering theory, heat transfer, elasticity, and fluid flow [3]. Yang Y., Tang Z., and
Huang T. Y. [4] have introduced a numerical scheme based on collocation method
to solve Fredholm integral equation of the second kind with weakly singular kernel.
The Jacobi-Gauss quadrature formula is used to approximate the integral part of the
equation. The errors of this method were also obtained and they were exponentially
decayed in L* — norm. Hamedzadeh D., and Babolian E. [5] have studied Taylor
series of unknown function to remove the singularity to solve computationally
Fredholm integral equation of the second kind with weakly singular kernel.
Shoukralla, E. S., et. al. [6] have considered Legendre polynomials in matrix form
to solve a linear system of unknown functions to obtain approximate solution of
Fredholm integral equation of the second kind with weakly singular kernel. The
convergence of this method was also proved.

The purpose of this article is to consider a computational Steffensen’s method to

solve Fredholm integral equation of the second kind
b

y() = F() + 1 f K(x, Oy (D)t @
a
where a and b are constants, a < x < b.

2. Steffensen’s Method

In this section, a computational Steffensen’s method is constructed for solving
Fredholm integral equation of the second kind. The discrete point is x; = a + ih,

i=1,2,..,n—1 where n is a positive integer, h = Z—TZ Is the step size in the x
direction, f; = f(x;) and K;; = K(x;, t;).
The open quadrature formulas are given in the following form [7]:
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where AJ f, = A(A~1f,) is called forward differences of the order j, and

X — X b—a _
s = PR h=n+2' Xo =a+h, Xn =b—nh, xi =xy+ih

The formula corresponding to n = 3 is called Steffensen’s formula [8] and can be
given as follows:

S5h
| Fe0dx = 22 (11 God + £ ) + £0e) + 11£(3)) )

The truncation error term E of this formula is

95h5
Es = Taz

(xo +Sh), & e[-14]

This method has a degree of precision n = 5 and the truncation error is of the order
0(h®). Generally, the degree of precision of the n-point Newton-cotes quadrature
formula is (n — 1) when n is even and n when n is odd [9].

The solution of the Fredholm integral equation (2) can be approximated by using
Steffensen’s formula (4) at u; = u(x;) as

h
yi=fi+ 5 [KioYo + 2(Kinyy + Kizy, + -+ Kiy—1Yi-1) + Kyyil,
i=12,..,n—1 (5
3. Numerical Examples
In this section, numerical examples are presented to tested to measure the accuracy

of proposed method. The numerical results are carried out using Mathematica
wolfram 8.

Example 1. Consider the following Fredholm integral of the second kind equation
[10]
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2

y(x) = —%cosx + %f cos(x — t)y(t)dt, X € [O,g] (6)

0
The exact solution of Eq. (6) is y(x) = sinx.

The computational Steffensen’s scheme introduced in this article for solving
Fredholm integral equation is implemented and its solution is compared with the
exact solution. The numerical solution of Example 1 is illustrated in Table 3.1
along with the absolute errors at = 3, and h = /10.

Table 3. 1. Absolute errors of the scheme at n = 3, and h = /10.

X Approximate solution Exact solution Errors
/10 0.31830 0.30902 0.0092806
/5 0.60544 0.58779 0.017653
3m/10 0.83331 0.80902 0.024297
21/5 0.97962 0.95106 0.028563

The comparison between the results of the numerical method and the exact solution
is presented in Figure. 3.1at =3 ,and h = r/10.
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Fig. 3.1. Comparison between the results of the numerical scheme, at n = 3, and
h =m/10.
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Figure. 3.2, the absolute errors of the numerical method are illustrated at = 3, and
h =mr/10.
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Fig. 3.2. The absolute errors of the scheme atn = 3, and h = /10.

Example 2. Consider the following Fredholm integral of the second kind equation
[10]

Y (@) =V - j JRy(Ddt,  x€[01] )
0

The exact solution of Eq. (7) is y(x) = 2\/?
The computational solutions and the absolute errors are presented in Table 3.2 at

=3,and h = 1/5.
Table 3. 2. Absolute errors of the scheme at n = 3,and h = 1/5.

X Approximate solution Exact solution
Errors
1/5 0.29814 0.29814
5.55112E-17
2/5 0.42164 0.42164
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3/5 0.51640 0.51640
1.11022E-16

4/5 0.59629 0.59629
0.00000

Fig. 3.3 compares the computational Steffensen’s results with the exact solution at
=3,and h =1/5.

y(X)
1.0

Numerical Method

0.8 i —O6— Exact Solution

0.6

04

02

L | I L I | I L L | L L I | I L I | X
0.2 0.4 0.6 0.8 1.0

Fig. 3.3. Comparison between the results of the numerical scheme, at n = 3, and
h =1/5.

Figure. 3.4 illustrates the absolute errors of the numerical method at = 3 ,and h =
1/5.

22



Abs Error
2.x10716

15%10716 -
1.x10716 -

5.x10717 -

A - x
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3.4. The absolute errors of the scheme atn = 3, and h = 1/5.

We can see from the above figures that the numerical solutions of Steffensen’s
method are close to the exact solutions.

5. Conclusion

In this article, a computational Steffensen’s method based on open quadrature rule
was introduced to solve Fredholm integral equation. The integral term of the
Fredholm equation is replaced by an n-point quadrature rule. The presented scheme
was demonstrated by numerical examples. The comparison between the
approximate solutions and the exact solution was made and showed a good
agreement. This proved the feasibility and applicability of this scheme.
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