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Abstract 
A three-phase squirrel cage motor was modeled to evaluate the 
impact of voltage imbalance on power factor of such type of motors. 
The model has been derived using a multi coupled circuits approach. 
Then a transformation called Hilbert transform was used to convert 
the input voltage and current into rotating vectors in order to 
determine the instantaneous power factor. The obtained results show 
that the power factor of the motor increases as the percentage of 
voltage imbalance increase. 
Index Terms 
Voltage imbalance, power factor, induction motor model, Hilbert transform. 
Nomenclature 

mV and mI are the voltage and current RMS values.  
 is the supply frequency. 
 is the instantaneous phase between the input voltage and current.  
   ⃗⃗⃗⃗  and   ⃗⃗⃗    are the voltage and current vectors. 
 j designates the imaginary part. 
   and     are the voltage and current real components.  
   and    are the imaginary voltage and current components.  
   is the voltage phase angle. 
   is the current phase angle. 
Vs, Vr are the stator and rotor voltages.  
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Is, Ir  are the stator and rotor currents. 
Rs, Rr are the stator and rotor resistances. 
 Ls, Lr are the stator and rotor inductances. 
Msr is the mutual inductance between the stator phases and rotor loops. 
       is the stator voltages with voltage imbalance fault. 
   is the value of the voltage imbalance. 
   is the number of pole pairs.  
   is the rotor displacement. 
   is the electromagnetic torque produced by the motor. 
    is the external load applied on the machine shaft. 
  is the rotor inertia. 

I. introduction  
VOLTAGE imbalance occurs when the RMS line voltages on a three phase 
system are unequal. Generally, in three phase system voltages are rarely 
balanced, but when this imbalance becomes excessive, it can create 
problems for three phase motors [1]. There are three possible sources of 
voltage imbalance for motors; the power supplier, the facility housing the 
motor, and the motor itself  [2]. Regardless of the cause, voltage 
imbalance generates an excessive heat in the motor windings. This can 
results in an insulation breakdown. In addition to that, voltage imbalance 
can create a current imbalance 6 to 10 times the magnitude of voltage 
imbalance [3]. Consequently, this current imbalance affects the power 
factor and causes energy losses and hence decreases the efficiency. 
Although there are several standards recommended for appropriate limits 
of voltage imbalance such as: ANSI C84.1, PG&E and NEMA, many 
disputes between customers, motor manufacturers, and the power 
suppliers have presented [4, 5]. Therefore, careful consideration should be 
made in each location to the utility’s service guidelines to versus the motor 
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manufacturer’s guidelines, to ensure a proper understanding of the two. It 
is known that a considerable percentage of generated power in the world is 
consumed by motors [1]. Since voltage imbalance can be very harmful to 
motors, the source of the problem should be thoroughly investigated and 
corrected. Many researchers [6, 7] have shown that power suppliers add 
extra charge for costumers with power factor less than specific limits. 
Therefore; the scope of this paper is to evaluate the impact of voltage 
imbalance on the power factor. 

II. Determining the instantaneous power factor 
Consider a symmetrical three-phase machine supplied from a balanced 
three-phase power supply in which case the input voltage and current for 
one phase are given by [8]: 
 )(cos2 tmVav     (1)    
 )(cos2   tmIai    (2)     
      
The voltage and current phase angles,     and (    ), can be 
determined simply by converting (1) and (2) into rotating vectors using a 
proper transformation. In signal processing, an analytical signal is defined 
as the signal which has no negative frequency components [9]. Any real 
sinusoid signal may be converted to a positive-frequency complex sinusoid 
signal simply by generating a phase-quadrature component to serve as 
the imaginary part. This can be done simply by constructing a filter which 
has the ability to shift each sinusoidal component by 90o. This filter has a 
magnitude of unity at all frequencies and introduces a phase shift of o90  
at each positive frequency and o90  at each negative frequency. This 
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transformation is called Hilbert Transform [9]. Consider a real signal which 
is given by: 
                         (3)    
The Hilbert Transform  for the signal  can be determined simply by 
applying the ideal phase shifts to (3) as [16]:  
                            (4)     
                                      (5)  
The complex analytic signal      which corresponding to the real signal

 is:  
                 (6)      
        
By applying Euler's identity thus, in the sum            , the negative-
frequency components of      and       cancel out, leaving only the 
positive-frequency component. Thus the complex analytic signal      can 
be expressed as: 
                          (7)     
     
Note that the real analytical signal      has now been transformed to a 
complex analytical signal       and is in vector form which has the property 
that all negative frequencies of      have been filtered out [9]. The 
magnitude   and phase angle   of the analytical signal       can be 
determined as: 
  √[           ]  (8)     
        
        (

    

    
)   (9)     

         
Converting the input voltage (1) and current (2) into positive-frequency 
complex signals by applying Hilbert transform will facilitate determining 

)(tH )(tx

)(tx

http://ccrma.stanford.edu/~jos/mdft/Proof_Euler_s_Identity.html
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their phase angles. Similar to (3) the Hilbert transform for  and  can 
be determined simply by applying the ideal phase shifts to (1) and (2) 
hence it can be expressed as [9]: 

)(sin2 tmVv
H

  (10)       
)(sin2   tmIi

H                     (11)                                         
Therefore, the complex voltage and current analytic signals which 
corresponding to (1) and (2) can be expressed as [20]: 
  ⃗⃗⃗⃗  √   [                 ] (12)     
    
  ⃗⃗⃗   √   [                      ]     (13)    
Clearly, equations (12) and (13) represent two vectors rotating with an 
angular velocity  and shifted from each other by an angle  as is shown 
in figure 1. The voltage vector has a magnitude V and a phase angle v 
while current vector has a magnitude I and a phase angle i.  The 
magnitude and phase angle of the two vectors are:  
  √                 (14)   
       
  √               (15)    
        
        (

  

  
)     (16)   

         
        (

  

  
)        

        (17) 
where 
       and         

av ai





 

 

Abdelhamed Fraj Saleh

–2022 185 

–2016 185 

It is now possible to verify that the phase shift between the input voltage 
and current  is the phase shift between the two rotating vectors. This can 
be demonstrated mathematically simply by subtracting   from    as: 
                     (18)    
   

 
Figure.1: Voltage and current rotating vectors  
Taking the cosine of  gives the instantaneous power factor of the 
machine. 

III. Simulation 
Three-phase, 3kW, 415V, 0.8lag, 4-poles, 50Hz cage induction motor 
model has been developed and validated. The rotor is modelled as multi-
coupled circuits, so for a rotor with n bars there are n rotor loops plus two 
end ring loops. However, in the absence of an axial flux component, the 
circumferential currents in the two end rings are zero and do not couple 
with stator windings hence they were ignored in this model. Therefore the 
rotor resistance and inductance would be represented by n x n matrixes. 
The derivation of induction motor model is beyond the scope of this paper 
since it can be found in many texts [11and 13]. Therefore only the final 
equations, which describe the behaviour of a squirrel cage induction motor 
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under normal and abnormal operating conditions, are presented in this 
paper.  
Modelling of Normal Operating Condition 
The stator and rotor voltages under normal operating condition can be 
expressed in a matrix form as: 
[  ]  *   

   

  
+ [  ]  [  ]

 [  ]

  
 [   ]  

 [  ]

  
 

 [   ]

  
 [  ] (19) 

[  ]  *   
   

  
+ [  ]  [   ]

  [  ]

  
 

 [   ]
 

  
[  ]  [  ]

 [  ]

  
      (20) 

  
Figure 2 shows the flow chart of the mathematical model. 
Modelling of Voltage Phase Imbalance Fault 
A voltage phase imbalance fault can be introduced in the squirrel cage 
induction motor model simply by reducing the voltage in one of the three-
phases. The stator input voltages are given by [9]: 

   √ [

         

              

              
]   (21)   
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Fig.2: The flow chart of the induction motor model 
 
A voltage imbalance is introduced into Equation (21) by reducing    in one 
row of the matrix by an amount   , so the stator voltage which will be 
used to simulate voltage imbalance is [10]: 

       √ [

              

              

              
]  (22)    

    
Equation (22) is now substituted back into Equation (19) to give [10, 12]: 
[      ]  [  ][  ]  [  ]

 [  ]

  
 

 [  ]

  
[  ]  [   ]

 [  ]

  
 

 [   ]

  
[  ]  (23)  

For transient operation, a mechanical model is coupled to the electrical 
system via the electromagnetic torque which can be determined from a 
consideration of energy flow through the motor. The mechanical equation 
of motion depends on the characteristics of the load, which may differ 
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widely from one user to another. For simplicity, the torque which applied to 
oppose the electromagnetic torque (produced by the motor) assumed to be 
an external load and an inertia torque. In this case the mechanical 
equation of motion is given by [12]: 
  

  
 

       

 
    (24)    

 The electromagnetic torque can be obtained from the magnetic co-
energy coW  as [12]: 
    

    

  
   (25)      

         
In a linear magnetic system the co-energy is equal to the stored magnetic 
energy [10] so that 

    
 

 
[
  
  
]
 

[
     

     
] [

  
  
]   (26)   

       
It is obvious from (26) that    and    contains only constant elements, 
therefore after some matrix algebra emT can be written as[10]:  
     [  ]

 (
 [   ]

  
) [  ]   (27) 

           
IV. Results 

During the simulation few important measures were taken for each 
operating condition. These measures are: 
 The simulated motor takes about 1.2 second to reach full speed. To 

better ensure accurate analysis the investigations presented in this 
paper except figure 3 were performed beyond this period of time and 
for two mechanical revolutions.  

 For better results the model was run at 50% load under all the 
operating conditions. 
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The induction motor model was run under normal operating condition at 
50% load. Figure 3 shows the simulated stator current and rotor speed 
under normal operating condition.  

 
Fig. 3. A-phase stator current and rotor speed for normal operating 
condition  
For further model verification the instantaneous phase shift was determined 
[6] as explained in section II. Figure 4 shows the simulated instantaneous 
phase shift and power factor at 50% load under normal operating 
condition. Clearly the average value of the simulated phase angle  and 
power factor (cos) are approximately 37.4o and 0.8 respectively.  

 
Fig.4. Phase angle and power factor for a normal operating condition  
A voltage phase imbalance fault has been introduced in the model as 
explained above, and then the model was run at 50% load.  The 
instantaneous phase shift was determined under such faulty condition. 
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Figures 5 and 6 show the simulated instantaneous phase shift and power 
factor under 10V and 15V voltage imbalance conditions (in time domain). 

 
Fig.5. Phase shift and power factor for a 10V imbalance condition  

 
Fig.6. Phase shift and power factor for a 15V imbalance condition  
It can be seen from figure 4 that the average value of the instantaneous 
phase angle is 37.4o while the average value of the power factor found to 
be 0.8. In comparing figure 4 to figures 5 and 6, one can obviously see 
the differences in both the phase angle and power factor. The faulty 
condition cases show that the phase angle decreases to 36.5o while the 
power factor increases to 0.82 when a 10V imbalance introduced in the 
model. In the case of 15V imbalance both of the two parameters changes 
in gradual manner, the phase angle decreases to 35.7o while the power 
factor increases to 0.83. The obtained results are very much agree with a 
research carried out by Hahn [13], Lee [14] and Alshandoli [15] which 
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have been experimentally demonstrated that power factor increases as the 
voltage imbalance increase.  
Although the above results presented in figures 5 and 6 show 
some change in the system phase angle and power factor, more 
investigations could be useful in evaluating the effect of voltage imbalance 
on power factor. Tracking of individual frequency components can be 
achieved if the power factor is presented in the frequency domain. In 
addition to this a close correlation with physical system characteristics can 
be attained. Figures 7 and 8 show the simulated power factor 
spectra under normal and 10V and 15V imbalance conditions at 50% load. 
It can be seen that in the normal condition there is no frequency side 
bands around the supply frequency, while some frequency side bands 
around the supply frequency are presented under 10V and 15V imbalance 
cases. It is also clear from the two faulty cases that the amplitude of the 
side bands increases as the percentage of imbalance increase, so at 10V 
case the amplitude of the side bands is approximately -60dB while it was 
-55dB at 15V case.  
 

 
Fig.7. Power factor spectrum for healthy and 10V imbalance 
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Fig.8. Power factor spectrum for healthy and 15V imbalance 
 

V. Conclusion 
The results obtained in this simulation study clearly show that:  

 Voltage imbalance has as a very important effect on the power 
factor of an induction motor. 

 The power factor increases as the percentage of voltage imbalance 
increase.  

Based on the above information the following two recommendations are 
worth to be presented in this paper: 

 It is very important for power suppliers to maintain a balanced 
system in order to prevent extra load on their grid. 

 Consumers should inform their power supplier for any changes in 
voltage in order to avoid an additional charge on their consumption 
bill. 
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