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Abstract:

This article focuses on a coupled system of perturbed resonant nonlinear-Schrodinger equation (NLSE)
in magneto-optic waveguides. The system incorporates spatio-temporal dispersion (STD), inter-modal
dispersion (IMD), parabolic-law nonlinearity, and multiplicative noise in the It6 sense. By using the
improve direct algebraic approach and computer algebraic system such as Maple, various types of
optical solitons are explored, including dark solitons, bright solitons, straddled solitons, singular
solitons, as well as solutions based on Jacobi elliptic functions and Weierstrass-elliptic functions.
Numerical simulations of some solutions are also presented.

Keywords: Dispersive optical solitons; Resonant nonlinear-Schrédinger equation; Magneto-optic

waveguides; Multiplicative white noise.

1. Introduction extensions and generalizations of this

Nonlinear partial differential equations (PDEs) fundamental equation [1-19].

play a crucial role in modeling a wide range of
phenomena across the physical sciences, from
nonlinear optics to fluid dynamics and plasma
physics. In recent decades, researchers have
dedicated significant effort to wuncovering
explicit soliton solutions for these nonlinear
systems using diverse mathematical
techniques [1-19].

One important consideration is the need to
incorporate higher-order effects, such as
spatio-temporal dispersion (STD) and inter-
modal dispersion (IMD), to more accurately
model the propagation of optical solitons in
nonlinear media [16-18]. Additionally, when
examining phenomena like chiral solitons in
the quantum Hall effect, the inclusion of

Chief among these models is the nonlinear specific resonant terms in the governing
Schrodinger equation (NLSE), which has equation becomes critical [10-18].

emerged as a cornerstone framework for
describing the propagation of optical solitons
and other nonlinear wave behaviors. While the
classic NLSE has been extensively studied,
there remains keen interest in exploring

Building upon this foundation, the present
work introduces a novel coupled system of
perturbed resonant NLSE tailored for magneto-
optic waveguides. This system incorporates
parabolic law nonlinearity, STD, IMD, and
|
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multiplicative noise in the It6 sense. The
details and findings of this investigation are
presented in the subsequent sections.

2. Governing model

The dimensionless form of perturbed resonant
NLSE in polarization preserving fibers with
dual power law nonlinearity and both STD,
IMD having multiplicative white noise in the It6
sense is written as [16]:

{9 + a@ex + boxe + (clol? + dlplMe

AW (t
+y <|T())’Tx> @ +a(p —ibp,) dt( 2_ i8¢y, (2.1)

where ¢@(x,t) is a complex-valued function
that represents the wave profile, a b ,
¢,d, y,§ and o are real-valued constants
with i =+/—1 . The first term in equation (2.1)
is the linear temporal evolution, the constants
a and b are the coefficients of chromatic
dispersion (CD) and STD respectively. Next ¢
and d are the coefficient of self-phase
modulation (SPM), The constant y is the
coefficient of resonant nonlinearity. The
constant § is coefficient of IMD. Finally, o is
the coefficient of noise strength and W(t) is
the standard Wiener process, such that
dw (t)/dt is the white noise.
In birefringent fibers, equation (2.1) splits into
two components, for the first time, as:
Uy + AUy + byt + (crlul? + dilv*)u + (eqlul*

ul
+Hilul?lv]? + g lv|Mu + +hy ( |u)ix u+

. aw (t) .
o(u — ibyuy) — =Gt i[Auy + g (ulPu),

+60; (Jul®)u + riluluy], (2.2)
And

Ve + AVxx + baVst + (Cz|17|2 + d2|u|2)17 + (ezlvl4

vl
+olvlul® + galul*)v + hz( |VTC v

40

d
+o(v — ibyvy) NPT Qau + i[Aovx + i (Jv|%v)4

+0, (10120 + 12 [v[?vy ], (2.3)

where u(x,t) and v(x,t) are complex-valued
functions that represent the wave profiles. The
(G=12) are the
coefficients of CD and STD in the directions of

constants a; and b;
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x and y respectively. The constants ¢; and
dj, (j=12) are the coefficients of SPM and
cross-phase modulation (XPM) respectively.
The constants e¢;, f; and g;, (j=12) are the
coefficients of nonlinear dispersion terms. The
constants h;, (j =1,2) are the coefficients of
resonant nonlinearity. The constants o;, (j =
1,2) are the coefficients of noises strength and
W(t) is the standard Wiener processes, such
that dW(t)/dt is the white noises. Finally, the
constants A;, y;, 6; and v;, (j=12) are the
coefficients of the IMD, self-steepening (SS)
terms and nonlinear dispersions terms
respectively.

This article aims to deduce the soliton
solutions for equations (2.2) and (2.3) using
the enhanced direct algebraic method.

3. Wave Transformation and Mathematical
Analysis

In order to solve equations (2.2) and (2.3), we

suppose that the wave profiles have the

following forms:
u(x, t) = @1(§) expli((x, t) + oW (t) — a?D)], (3.1)
v(x,t) = 9, (§) expli@(x, ) + oW (t) — a?)], (3.2)
E=x—pt,P(x,t) = —kx + wt, (3.3)

where k , w and p are nonzero real-valued
constants such that k is the frequency of the
soliton, w is the wave number and p is the
velocity soliton. The functions ¢;(§) for j=1,2
are real functions which represent the
amplitude portions of the solitons and the
phase components of the solitons, respectively.
Inserting (3.1) and (3.2) into equations (2.2)
and (2.3) gives the real parts:

(=pby + ay + )@y + [ — k(ry + )93 + fro3 93
+d1pF1 + e197 + 910301 + [k ay + k((—0?
+tw)by — ) + 0% —wlps — 9,01 =0 (34)
And

(=pby + az + hp)@, + [ — k(1 + )13 + L0303
+d2070, + €203 + 9290192 + [—K?ay + k((—0?
+tw)by = 23) + 0% — 0], — 102 =0 (3.5)
while the imaginary parts are:

[Buy + 261 + 11]190% + [(—pby + 2a))k + (02 — w)by
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+41 +plo; =0, (3.6)
And
[Buz + 260, + 12]9,93 + [(—pby + 2a)k + (02 —
-w)by+2; + ple, =0, 3.7

The linearly independent principle is applied
on (3.6) and (3.7) to get the wave number p :
(0'2 - (J.))b] + Zajk + ).]

p= b, — 1 , (3.8)

and

provided xb; # 1 where j=1,2.
Now, let us set

@02 =Z¢q, (3.9

where 7 is a nonzero constant, such that
Z # 1. equations (3.4) and (3.5) can be reduced
as:

(=pb; + ay + b))y + (Z2f; + Z* gy + )3

+[Z2d; — (11 + py)x + 1193 — [K2a, + (6% — w)by

+A)k+Z2Q, — 2 + w]p; =0 (3.10)

and

Z(—pb, + az + hy)@y + (Z3f, + Z%e, + 29,) 93
+[((=12 = p2)K + )23 + Zdy |3 — [Z(x%ay + ((0?

—w)by + )k +w— 02+ Qlp; =0 (3.11)

equations (3.11) and (3.12) are equivalent
under the constraint conditions:

—pby + ay + hy = Z(—pb, + a, + hy),
Z2f, + 7%g, + e, = Z(Z%f5 + Z%e, + g),
72d; — (ry + p)k + ¢4
= Z[((—ry — u2)K + c3)Z% + dy),
k?a; + ((0% — w)by + 44 )k + 2Q; — 02 + w
=Z[k?a, + (1 + (62 — w)by + 1)k + w — 02] + Q,.

(3.12)

From (3.12), the soliton velocity is yielded as:
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Q+02—k(Ay +0%b) —70Q, + Z[—O‘Z]
k(Ay + 02by) + k2a,] — K?ay

provided—kb, + Z(xb, — 1) + 1 # 0.
In order to solve equation (3.10), it can be
rewritten as follows:

@1+ Loy + Lo + 1307 =0, (3.14)

where

B —[x%ay + ((62 — )by + A1)k + ZQ; — 62 + w]

l
! —pby +a; + hy

Z%d, — (ry + )k + ¢4
_Pbl + a, + h1

l2=

]

_ Z2f1 + Z4g1 + eq

1
—pb1+a1+h1' (3 5)

3

provided—pb; + a, + h; # 0.

In the following section, we will discover the
optical solitons of equations (2.1) and utilizing
the well-known enhanced direct algebraic
method.

4. An improve direct algebraic approach
Let us now, solve equation (3.14) under the

constraint conditions (3.15) as follows:

First, balancing ¢;(§) and ¢$(§) in equation

(3.14) gives N = % . Therefore, the new wave
transformation:
1
o1 =[H@)]z, (4.1)

where H(¢) is a new function of ¢, such that
H(¢) > 0, changes equation (3.14) to the
following new nonlinear ODE:

2HH — H? + 4H?>(LH? + LH + 1) = 0.) (4.2)

The improve direct algebraic approach
introduced by Arnous et al. [19] supposes that
equation (4.2) has the following formal
solution:

N

LGEDWRTG) 43)

k=0

where Ay, Ay (k=12,...,N) are constants
such that Ay # 0 . While the function ¥(¢)
holds the nonlinear ODE:
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4

1/)’2(5) = Z‘Ejlp](f), (44) Real part of u(x,) for a=0

j=0

where 77(3=01,2 3 4) are constants
provided 7, #0 . It is well-known [19] that
equation (4.4) has many types of exact
solutions.

Now, balancing the terms HH” and H* in
equation (4.4), yields the balance number N =
1 . Consequently, the formula solution (4.2)
takes the following form:

H(E) = Ao + A9 (8), (4.5)

where A; #0 . (@)
By evaluating (4.5) along with (4.4) into
equation (4.2) and utilizing Maple, there are
many families of results that will be discussed
as follows:

Family-1. When 71, =7, = 73 = 0, we have the
following results:

. Real and Imaginary part of u(x,t) for seclected t and for =0

Result 1. ' , ! / =
A =0, 4 =20, (46 i
o=V 4= 77, b=—"7, =Y, . 04F T— PRV
4l 4 S e B
061 Re(u(x,) fort=1 A
. = = = :Im(u(x,t)) fort =1
provided I3t, < 0. P e R
By substituting (4.6) with the well-known x
solutions of equation (4.4) mentioned in [19]
into (4.5) and using (4.1) as well as (3.1), (3.2), (b)

two types of soliton solutions can be derived as
follows:

I.If 7, >0 and 7, <0, then we have the
bright soliton solutions

Re(u)

1
3 2
T
u(x, t) = ’T;sech(ﬁf)
3
x ei[—Kx+(m—02)t+o'W(t)] 4.7) E 0
v(x, t) = Zu(x, t), (4.8)

provided I3 > 0.
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. Real and Imaginary part of u(x,t) for seclected t and for o=0

04

Re(u(xt)) fort=0
= = = -Im(u(x.t)) fort=0 \ y 1
Re(u(x.) for t=1 AW
= = = = Im(u(x,t)) fort =1

06

08 . . . . ,
-10 -8 -6 -4 2 ] 2 4 6 8 10

(d)

Figure 1. shows the numerical solution (4.7) in
3D and 2D plots with: 7, =1, ;3 =k=w =1,
W(t) =Vt and the white noise coefficient o are
shown in graphs (a)-(d).

II.If 7, >0 and 7, > 0, then we have the
singular soliton solutions

1

2
u(x,t) =4 |- i—‘chch(\/Ef)

x ei[—xx+(w—02)t+GW(f)] (4.9)

v(x, t) = Zu(x, t), (4.10)

provided [I; < 0.
Result 2.

37:2 37:4 STZ
Ao = /E' A= [‘m b=
167,51
L, =— ,% (4.11)

This result leads to the bright soliton solutions

u(x,t) = i—Z (1 + sech(\[;%))

x ei[—;cx+(a)—02)t+aw(t)]’ (412)

v(x,t) = Zu(x, t), (4.13)
provided 7, >0, 7, <0 and [3>0.
Family-2. When 7, = :—i, T1=173=0,17,<0

and 14, >0, we have the following result:

Hasek et al.
e _ 3ty , T
Ao 813‘A1 413‘11 2’
81,1
l,=— 32 3 (4.14)

provided I3 < 0.

By substituting (4.14) with the well-known
solutions of equation (4.4) mentioned in [19]
into (4.5) and using (4.1) as well as (3.1), (3.2),
we obtain the dark soliton solutions:

1
2
u(x, t) = ’Z—Z<1+tanh< —T2—25)>

x ei[—kx+(m—z72)t+o'w(t)]' (4.15)

v(x,t) = Zu(x, t), (4.16)

and the singular soliton solutions

1
3 2
T, T,
= — 1 I
u(x,t) ,813 ( + coth( > {))
% ei[—kx+(w—o'2)t+UW(t)], (4_17)
v(x, t) = Zu(x, t), (4.18)

m?(1-m?)73
(2m?2-1)27,
7,>0, 7,<0 and 0<m <1, we have the
following result:

3T4 Ty
m=1,A0=0;A1= _4_131l1=_Z:

I,=0, (4.19)

Family-3. When 7, =173 =0, 79 =

y

Provided:l; < 0.

By substituting (4.19) with the well-known

solutions of equation (4.4) mentioned in [19]

into (4.5) and using (4.1) as well as (3.1), (3.2),

we have the same bright-soliton solutions (4.9)
mits

(m?+1)7zy’

Family-4. When 7, =173 =0, 75 =

7,<0, 17,>0 and 0<m<1, we have the

following result:
2m?t 4t,T,m?
Ao = — : 2_ 4= |- . 274 '
L(m2 +1) 3(m*+1)
_,5Gm*—1)  3B(m*+1)

I = (4.20)

4m2+4 17 16m?t,

By substituting (4.20) with the well-known
solutions of equation (4.4) mentioned in [19]
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into (4.5) and using (4.1) as well as (3.1), (3.2),
we have the Jacobi elliptic function solutions:

ZmZTZ
ulxt) = {— m(
1
. Tz 2
+ JacobiSN (\/Tﬂm»}
x eil-Kkx+(@=-aD)t+oW(©)] (4.21)
v(x, t) = Zu(x, t), (¢.22)

Remark In particular, if m =1, the Jacobi
elliptic function solutions (4.21) and (4.22) can
be converted to the dark solitons

1
u(x, t) = {—;—j(l + tanh( —TZ—Z)>}2

x ei[—kx+(w—o'2)t+aW(t)], (4_23)
v(x, t) = Zu(x, t), (4.24)

Real part of u{x,t) for o=0

24
% 04 04
g \ 0
-2
0 T e 0
8 sl /_,./»*"’D” 5 0
S 5
0 -10

t X
Imaginary part of u(x,t) for 0=0

2 _ 04
, A A A k N 02
S N D 3 A
i ' \ "% AVAN )
F 0.2
21
— - 0.4
—— — 10
5 ———" 0 5 06
0 0
t X
(e)

Re(u(x.) for t =0
=== -Im{u(x 1)) fort=0
Re(u(x.t)) for t =1
== = - Im{u(x,t)) fort=1

u(x,b)

Hasek et al.

Real part of u(x,t) for o=1

(®)

Rea1l gr!d Imaginary part of u(x,t) for seclected t and for a=1

Re(u(x.t)) fort=0
= = = “Im(u{xh) fort=0
Re(u(x.t)) fort=1
— — - -Im(u(x,) fort=1

u(x,t)

(h)

Figure 2. shows the numerical solution (4.23)
in 3D and 2D plots with: 7, =-1, 3=k =w =
1, W(t) = v/t and the white noise coefficient o
are shown in graphs (a)-(d).

Family-5. When 7, =13=0, 7y >0 and 1, >0
we have the following result:

13
2,/ToTy 2047t
Ay = ] , Ay = lo 4: L= vV ToT4
2 2
312
3= ——————,7, = —2./ToT4, (4.25)
3 16 ToTs 2 on4

By substituting (4.25) with the well-known
solutions of equation (4.4) mentioned in [19]
into (4.5) and using (4.1) as well as (3.1), (3.2),
we have the Weierstrass-elliptic function
solutions:

1
2(7oT4)%

L ((T0T4)%

u(x, t) =
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1
2 2 3
(.22 7,(36T74 — 75) 2
L ® (5' 127 0%~ 716
72 7,(36TyT, — 72)
64 ({;ﬁ+ror4,—2 2012 2 >+12
x ei[—Kx+(w—az)t+¢7W(t)]’ (4.26)
v(x, t) = Zu(x, t), (4.27)
and
2./ ToT
u(x, t) ={ ¢!
1
: 3 7,(367¢7,4 — 75) H
6(1oT4)%80 (fi ﬁ + TMmT) + 17,
+
7,(367474 — 75)
x ei[—xx+(w—nz)t+aw(t)]' (4.28)
v(x, t) = Zu(x, t), (4.29)

Family-6. When 1, =7, =0 and 7, >0, we
have the following result:

Ag=0, A= |[--=, Iy =——=

lz =T3 (4’.30)

provided [l37, < 0.

By substituting (4.30) with the well-known
solutions of equation (4.4) mentioned in [19]
into (4.5) and using (4.1) as well as (3.1), (3.2),
many types of straddled soliton solutions can
be derived as follows:

2
37 T, sech? (@)
ulx,t) =<4— [— l—4 G
3\ 4y7,1, tanh( 5) + 2715
X ei[—xx+(w—az)t+(rW(t)]' (431)
v(x,t) = Zu(x, t), (4.32)
1
2
37 T, csch? (@)
ulx,t) =1 |— 1—4 G
3\ 47,7, coth (%E) + 215
x ei[—)cx+(a)—02)t+aw(t)]’ (4.33)
v(x,t) = Zu(x, t), (4.34)
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u(x, t)
1
( )2
37, 7,73 sech? ( L
= —_ l_ —_
l P\ 202 - 20,1, (1 — tanh (\/_f)

x ei[—Kx+(w—z12)t+aW(t)]' (4_35)
v(x, t) = Zu(x, t), (4.36)
and

u(x, t)

1
\2
( T,T3 csch? (\/‘;_Zf) \ L
2
\213 - 21214 1 —coth (@)) /J

x el.[ Kkx+(w— 02)t+aW(t) (4_37)

v(x, t) = Zu(x, t), (4.38)

5. Conclusions

The well-known improve direct algebraic
approach have been employed to find the
optical-solitons of the coupled system of
perturbed resonant NLSE in magneto-optic
waveguides with STD, IMD, parabolic law
nonlinearity, and multiplicative noise in the It6
sense. Dark solitons, bright solitons, singular
solitons, straddled solitons, Jacobi-elliptic
functions solutions and Weierstrass-elliptic
functions solutions are reported for the first
time. Figures 1 and 2 have presented the
numerical simulations of solutions (4.7) and
(4.23) with no noises as well as at ¢ =0 and
oc=1. In these figures, when the noise
vanishes, we note that the surface is less
planer, while when the noise increases, we
note that surface becomes more planer after
small transit behaviors. This means the
multiplicative noise effects on the solutions
and it makes the solutions stable. Finally, this
study has concluded that the noise effect
(noise strength) on the soliton solutions has a
significant effect.
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