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Abstract: In this work, we are investigated integral representation and Convolution characterization and 

Results of Differential Subordination for functions belong to  )by introduce generalized derivative 

operator ,where  denote to the class of all  analytic normalized functions in . 

 .esentation, normalized functionsRepr Integral ,subordination differential :Keywords 

 

1. Introduction 

Let denote of the analytic functions in the 

class  [1] of the form :  

 

in the open unit disk 

,where  is a 

complex number .and denote  the subclass of 

  in  where  consisting of univalent 

functions  and let the familiar subclass  of  

whose members are convex functions in  . 

Now, let denote the class of analytic 

functions  in , normalized 

by  and   all univalent 

functions  belong to the subclass  of  

for which   is a convex domain . 

Now , denote by  the well –known class of 

analytic functions   with  

 

And denote by  the class of analytic 

functions  in   with [1] 

 

Recently, Silverman and Silvia [2]considered 
the following class of functions: 

 

where  . If  .for this  class 

of functions ,they obtained extreme points and 
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convolution characterizations .[3],on the other 

hand ,studied the function class  given 

by  

 

where . The function  

 where   

 

maps onto the domain given by  

 

Now ,if the function are analytic in 

 ,then we say  is subordinate to in 

,written as if there is a Schwarz 

function  analytic in , 

so that   

Furthermore ,If the function  is univalent  in 

 then the subordination  is 

equivalent to 

  [4]. 

The Hadamard product of two analytic 

functions and  denoted by  , where   

 of the form (1) and 

is 

defined by      

In light of  product, Amer and Darus [5] they 

have recently introduced a new generalized 

derivative operator. 

Definition 1: 

For  the operator ( is 

defined by ( . 

 

where  and 

and  

denotes the Ruseheweyh derivative operator all 

 and given by 

 

where    and  . 

If  given by (1), then we easily find from 

 

That       

,where  

Using simple computation one obtains the next 

result 

 

 

 

 

 

where analytic function 

given by 
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Now, from equation (2) and (4),we have 

 

 

 

 

So, by using equation (3), we obtain  

 

 

 

Definition 2: [1] 

Let    and let  A function 

 is said  to be in the class  if the 

following differential subordination is satisfied:  

 

Consider the function: 

        

So the corresponding  class  reduce to 

the class  . and the class  reduces to 

function class ; the function   is defined 

by (2). 

We now define  the function class  by 

  

was investigated by Chichra [6] and also by 
Singh and Singh [7]. Another function class 

  given by   

 which was considered by Silverman [8], can 

also be obtained from upon setting   

where 

    

Lemma 1: [9] 

Let  be a convex function where  

and  with . If the function 

  defined by  

 

is analytic in  an    

 

  , where 

. 

2. Convolution Characterization, 

Integral Representation and Results 

Involving Differential Subordination: 

Theorem 1 

If  A sufficient and necessary 

condition for a function  to be in the 

class  is given by  

 where  
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Proof 

From ( Definition 2)  if and only if  

 

 

Since     

 

 

 

 

 

 

Now, let  

 

and  

 

By using (9) and (10) in (8), we get 

 

 

 

 

 

That is equivalently, 

 

 

 

 

 

 

 

 

 

 

By using (5), we obtain    

Corollary 1: [1] 
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If  A sufficient and necessary 

condition for a function  to be in the 

class  is given by  

 

where  ,  and 

. 

Theorem 2 

If  and let  Suppose also 

that  

 

Then  if and only if there exists 

 such that the following equality :  

 

 

Proof: 

from (Definition 2)   there exists 

 such that  

 

By using (8) in the above equality (11), we 
obtain  

 

Now, we have a derivative operator  

; 

, where 

It follows that  

 

 

 

 

 

we obtain  

 

 

 

 

 

 

we thus find that  

 

which readily yields  

 

 

Theorem 3:  

Let  and  . if 

,then  
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and  

 

for all  ,and   

 

Proof: 

If  .hence from (Definition 2),in 

this case the differential subordination (6) hold 

true .  

Let and  

 

Then   

      

 

Since  and   for 

 and by using  (Lemma 1) ,we 

have  

With the substitution   in the 

integral in (14) and 

 the 

differential (14) yields   

 . 

 

In order to obtain the differential 

subordination (13) ,we illustrate that the 

function  given by 

 

belongs to the class  To prove this we first 

define                    

For ,the function  is convex 

in  .from (16) we obtain  

The convolution of two convex functions is also 

convex in  see [10]. Therefore ,the function   

. Hence that . 

Now, let   

 

 

 

 

 

 

Then, by using (12) and (15), we have  

 

   

By applying (Lemma 1) once more with 

,we obtain  
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If   substitution in the integral in (17) 

,if we take into account (15) and also that  

 

The first differential subordination in (17) 
implies that  

 

 

Corollary 3: [1]  

If   , 

where  

 

and   . Then  

 

and  

 

There are a lot of research  papers related to 

study integral operator and differential 

operator those interested in studying it can 

view [11], [13] , [14]  [12] and [15]. 

3. Conclusion  

in this work ,we have considered a certain 

function class   of all normalized 

analytic functions  which satisfy the followng 

differential subordination :  

 

We successfully applied of differential 

subordination between analytic functions, and we 
investigated integral representation and 
Convolution characterization and Differential 
Subordination Results. 
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