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Abstract: Some iterative Newton-cotes quadrature methods of closed and open types are presented
here to solve the second-kind and linear Fredholm integral equations of both regular and singular
kernels. The closed computational methods include the composite Simpson’s 1/3 quadrature,
composite trapezium-corrected Simpson’s quadrature, and composite Bool’s quadrature. The errors of
these quadrature formulas are analyzed and estimated. A comparison between these quadrature
iterative methods is carried out by solving some second-kind Fredholm integral equations of regular
kernel. We achieve a good agreement between the exact and the numerical solutions of such
equations, establishing the feasibility and applicability of the presented quadrature formulas.
Furthermore, the composite Bool’s quadrature performs better than the other two quadrature
formulas. The open-type Newton-cotes quadrature methods is implemented to solve the second-kind
linear Fredholm integral equations of singular kernels. A comparison between the exact and the
approximate solution of such equations is carried out confirming the applicability of the method

Keywords: Composite Simpson’s 1/3 quadrature; Composite trapezium-corrected Simpson’s

quadrature; Composite Bool’s quadrature; Fredholm integral equation.

Introduction

An equation is called an integral equation if the
unknown function Yy(X) appears inside and

outside the integral sign [1]. In this article, we
consider the second-kind Ilinear Fredholm

Integral Equations (FIEs)

y(9) = £ (x) + 22 k(x 1) y()dt (1)

where a and b are constants, Xe[a,b].
Assume that f:[a,b] >0 and
k:[a,b]x[a,b] > are continuous and that

Ael is a regular value of K(X,t), so the

equation (1) is supposed to have a unique

solution.

The functions f, and the so-called kernel
k(x,t) are given, while the function y(X) is
unknown, A is a constant and non-zero
parameter and its value is called eigenvalue, or
characteristic value of that equation [2]. FIEs
can be derived from boundary value problems

with given boundary conditions [1].

FIEs have numerous applications in various
fields, including potential theory, wave
propagation, scattering theory, heat transfer,
elasticity, and fluid flow. Many problems in
science and engineering can be modeled by
FIEs such as the electrostatic problem of a
circular plate condenser in an unbounded

perfect fluid [3]. Solving the Fredholm integral
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equations can be challenging, and various
methods are available depending on the
specific type and properties of the equation.
These methods include several iterative
methods using Romberg quadrature
approaches that can be found in [4]. A
quadrature formula was proposed in [5] to
solve two-dimensional fuzzy FIEs. The error
estimation was proved and the numerical
stability of the method was analyzed. The
method of successive approximations in terms
of the midpoint quadrature formula was
introduced in [6] for solving linear fuzzy FIEs of
the second kind, also the numerical stability
was investigated and the results were accurate.
In [7] some quadrature schemes which are the
repeated trapezoidal and repeated modified
trapezoidal schemes were implemented to solve
the second-kind linear FIEs. Shoukralla et. al.
[8] presented a double-approximate numerical

technique based on Legendre polynomials for

solving second-kind FIEs.

In this article, we examine the performance of
some computational techniques based on the
quadrature formula for solving the linear and
second-kind FIEs of both regular and singular

kernel.

The structure of this paper is as follows: The
related literature review is reviewed in the
introduction section. In section 2, some closed-
type iterative quadrature rules are introduced.
These include the composite Simpson’s 1/3
quadrature, composite trapezium-corrected
Simpson’s quadrature, and Composite Bool’s
quadrature. In section 3, an open-type iterative
Newton-Cotes method is introduced to
consider FIEs of singular kernel. Also, the
error analysis is presented analytically. To
carry out the comparison, some numerical
results are shown in the results section

followed by a discussion and conclusion.

2. Iterative Quadrature Rules

In this section, iterative Newton-cotes
quadrature methods are presented for solving
Fredholm integral equations of the second kind

(1). First, let us define the partition points

X =a+ih, i1=12,...,n—1where h:b;na is the

step size and n is an integer. The notations

Yi fi and ki for the exact values of y, f and

k at the point X; .

2.1 Closed Newton-Cotes Methods

Assume that the integral term in the FIE (1) is
approximated by the quadrature rule, then the
FIE (1) is reduced to a system of algebraic

equations as

n
yi = fi +/1_20W|ki,j)’j ,i=12,..,n-1
J:

The weighting coefficients w; can be

computed by using Lagrange polynomials pp
of degree at most n. Quadrature formulas

derived from Lagrange polynomial are known

as Newton-Cotes formulas [13].

2.1.1 Composite Simpson’s 1/3 Quadrature
Method
The composite Simpson’s 1/3 formula with two

adjacent strips is given by the form [9]

ny n
I8 10| (0)+25 £ ()14 5 F (Xo0)+ F (Xn)
j=1 j=1

(2)
The truncation error term ES of this formula

has the form

E, =S5 199, ¢elab]

The truncation error of the composite

Simpson’s 1/3 method is of the order O(h4)

and the degree of precision is N =3 . Note that,
the formula can be applied only to integrals
with equal intervals of even numbers.
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Approximating the solution of the FIE (1) by
using the formula (2) gives
n 1 n

y = f +7 I(I 0y0+22k|21y21+4zk|21 ly2] 1+k|nyn
_]_ J

,i=12,..,n-1 (3)
The matrix form of the above system can be

displayed as

4k1,1 _% 2k1,2 4k1,3 o 4k1,n71 yl

ﬁh 4k21 2k2‘2 _% 4k2.3 4k2‘n—1 y2

? 4k31 2k.32 :' : y3
: 4kr\ 1,n-1

4kn,11 2kn 1,2 4kn—13 4kn 1,n-1 % ynfl

- fl - %h (kl,o Yo + k1,n yn)
- L; (kz,o Y, + k2,n yn)
= - fs - %h (k3,0 Yo + k3,n yn)

- fn—l - %h (knfl,o Yo + kn—l,n yn)

2.1.2 Composite Trapezium-Corrected

Simpson’s Method
The composite trapezium-corrected Simpson’s
(TCS) formula with equal strips of odd

numbers is addressed in the form [10]
12 £ (x)dx= [Zf(x )+4Zf(xzj)+82f(xZJ W)

+5F (%,1) +3f(x,)) 4)
where n must be odd. The truncation error

term ETCS of the above formula is

_a)h? " o)kt
Eres = &0 £7(£) + &0 £ () (), £ e[a,b]

The truncation error of the composite
trapezium-corrected Simpson’s formula is of

the order O(hz) . Approximating the solution of
the FIE (1) by using the formula (4) gives

5
N
i

ki,zj—lyzj—l ?

y = f; +(2k|0y0+4zk|21y21
j=1
+5ki,n—1yn—l+3ki,nyn)’ i=12..,n-1(5)

The matrix form of the above system can be

displayed as

8k1,1 _% 4k1‘2 8k1‘3 o 5k1‘n71 Y,

ih 8kz‘1 4k2‘2 _% 8kz,3 Skz,n 1 Y,

E 8k3 1 4k'3 2 . : Y
: 5kn*1‘n 1

8knf1 1 4kn71 2 8kn71 3 4kn 1,n-1 % You

_fl _%h(2k1,oyo +3k1,nyn)
_fz _Lh(Zkzoyo +3k2ny )
= _fa__(2k30y0+3k3ny)

- fn—l - %h (2kn71‘o Yo + 3kn—1,n yn)

2.1.3 Composite Bool’s Quadrature Method
The composite Bool’s (for n to be a multiple of

4) [11, 12] is given as follows:
ﬂ

jgf(x)dxzﬁg > (7f(x4j ) +32105 3)

+12f(x4j_2)+32f(x4j_1)+7f(x4j)) (6)
where n=4Kk,k >1. The truncation error term

Eg of this formula is
2(b-a)h® b-a)h® . (3
Eg =— (94615) 105~ 4?()) 1@ (), & ela,b]

This method has a degree of precision
n=5and the truncation error is of the order

O(he) . Generally, the degree of precision of the

n-point Newton-cotes quadrature formula is
(n—1) when n is even and n when n is odd
[12].

Approximating the solution of the FIE (1) b

using the formula (6) gives

ICSELibya-2024

166



A Comparison Between Some Iterative Quadrature Methods.......................... Faoziya S. M. Musbaha

L 2h u K K
Z( |4]—4y4j—4 +32 i,4j—3y4j—3+12 i,4j—2y4j—2

j=1
+32K; 41 Y44 +7kiv4jy4j), i=12,..,n-1(7)

The matrix form of the above system can be

displayed as

2, -3 1%, 3% 4k, - 3%,
Rk, 1%,-3 3%, uk, - 3%,
2ih| 3%, 12, 3%,-5 14k, - 3%, )
45| 3%, 12, 2k, k-5
: : : : o3,
32kn—11 12kn—1.z 32kn71‘3 14kn—u 32kn—1‘n71 _%
14/1h
Y, _fl_ (k1oy0+k1ny)
14lh
Y, _fz (k20y0+kzny )
th
Y, _fs (k30y0+k3ny)

-f,= 14lh (k40y0+k4ny )

4

You _fnl 14% (kn 1oyo+kn 1ny)

Equations (3), (5), and (7) give the approximate

solution of the second kind linear FIE (1) at

Yi = y(%)-

2.2 Open Newton-Cotes Methods
The open Newton-Cotes formulas are given in

the following form [13]:

b n+on o S |
x)dx = h ZAJf(_jds,(sj: S 8
[ pyox=h]" ol ()

where Al fo = A(AJ_1 fg) is called forward

X_
differences of the order j, and S:TXO,

h=D28, xy=a+h, x,=b-h, x =%, +ih.

Now approximating the solution of the second-
kind FIE (1) by using the above approximation,

one obtains
f o™ 3 Ak vk o1
i=ht _[_1 JEOA i,Oyo(jde, i=01..,n (9)

It should be noticed that the difference

between closed and open Newton-Cotes

formulas is that the approximating polynomial
in closed Newton-Cotes formulas interpolates
the internal points as well as the endpoints a
and b while in open Newton-Cotes formulas,
the approximating polynomial interpolates only

the points between endpoints a and b.

3. Numerical Results and Discussion

In this section, some numerical examples are
given to demonstrate our theoretical results.
All computational results shown here are
carried out using the Mathematica Wolfram
13.1.

3.1 Closed Newton-Cotes methods

For verification purposes, we will implement
the iterative quadrature rules (3), (5), and (7),
to find the numerical solutions of some the
second kind linear FIEs.

Example 1. Let us consider the following

second-kind linear FIE [7]:

y(x) = x+ [ (4xt—x?)y(t)dt, xe[0,1] (10)

The exact solution of the FIE (10) is

y(X) = (24x—9x2) .
The results of the errors of the methods for FIE
(10) of the second kind in discrete 1° and 2

norm are listed in Table 1. The following

formulas evaluate the maximum error and |2
1 , 1/2
e | = e o e, ~( S|
i=

Table 1: 1”and |I° errors of the quadrature
methods for the FIE (10).
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Trapezium-
Bool corrected Simpson
error (n = 40) Simpson (n = 40)
(n=41)
5.32907E-15 7.94733E-5 8.88178E-15
2.33470E-15 5.64095E-5 3.06128E-15
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The absolute errors (absolute difference
between the exact and the numerical solution)
of the computational methods are illustrated in
Fig.1, Fig. 2, and Fig. 3.

Abs Error

8.x1071% ¢

6.x1071%

4.x10715
2.x1071%

0.0 0.2 0.4 06 0.8 10"

Fig. 1: Absolute errors of Bool’s method for
n=40.

Abs Error

0.00012

0.00010 |

0.00008

0.00006

0.00004 -

0.00002

0.00000 <" TS e — x
0.0 0.2 0.4 06 0.8 1.0

Fig. 2: Absolute errors of trapezium-corrected
Simpson’s method for n =41.

Abs Error
1010714 ]
8.x10_157
6.x 10715
4.:(10_15:

2.%10715 ]

0.0 0.2 0.4 06 08 1.0

Fig. 3: Absolute errors of Simpson’s method
for n=40.

Example 2. Consider the following second-
kind linear FIE [8]:

y(x)=e "+ s ty(tydt, xe[0,1] (11)

The exact solution of the FIE (11) is

2e%

y(x)=e "+ 5 -
3-e

. 2
The maximum error and |°errors of the

computational schemes are presented in Table
2.

Table 2: |"and |’ errors of the quadrature
methods for the FIE (11).

Trapezium-
Bool corrected Simpson
rror ;
erro (n = 40) Simpson (n = 40)
(n=41)
”e e 5.98575E-11 2.01666E-5 6.30521E-8
||e 2 3:96902E-11 1.33694E-5 4.18086E-8

The absolute errors of the computational
methods are illustrated in Fig.4, Fig. 5, and
Fig. 6.

Abs Error

g.x10711"

6.x107"1 -

4.x10711

21071

. . X
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4: Absolute errors of Bool’s method for
n=40.

Abs Error
0.000030

0.000025 -
0.000020
0.000015
0.000010

5.x1078

0.000000 "— : ! :
0.0 0.2 0.4 0.6 0.8 1.0
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Fig. 5: Absolute errors of trapezium-corrected Abs Error
Simpson’s method for n=41.
0.008 -
Abs Error 0.006 -
-8
8.x10 0.004 -
6.x1078
4.x1078
8 -1.0 -0.5 0.0 0.5 1.0
2.x107° |
Fig. 7: Absolute errors of Bool’s method for
0 - — - - - _
0.0 0.2 0.4 0.6 0.8 10" n=40.

Fig. 6: Absolute errors of Simpson’s method

for n=140. Abs Error
0.007 -
Example 3. Consider the following second- 0.006 |
kind linear FIE [14]: 0.005 |
y(x) =e* +%ﬁ1\x—t\y(t)dt , xe[-11] (12) 0.004

The exact solution of the FIE (12) is

_ 1 X% | 14et466% . 1 |px | 1ret+6e? |ax w w
y(x)==2xe’ +| e +06e”, 1 HeX | lre +0e” jg7x . . X
2 8(1re?) 11’ 8(1ve) 1.0 05 0.0 05 10

Fig. 8: Absolute errors of trapezium-corrected
The maximum error and |° errors of the Simpson’s method for n=41.

computational schemes are listed in Table 3.

. ) Abs Error
Table 3: | and |° errors of the quadrature 0.008
methods for the FIE (12).
Trapezium- 0.006 -
Bool corrected Simpson
error (n = 40) Simpson (n = 40)
(n=41)
||e |- 6:34174E3 4.50952E-3 5.50306E-3
||e 2 5.02603E-3 3.57334E-3 4.44440E-3
e p
-1.0 -05 0.0 0.5 1.0
The absolute errors of the computational Fig. 9: Absolute errors of Simpson’s method
methods are presented in Fig. 7, Fig. 8, and for n=40.
Fig. 9.

3.2 Open Newton-Cotes methods
Here we will present some illustrative examples

of linear, second-kind FIEs with singular
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kernels solved by implementing the open
Newton-Cotes method (8).
Example 4. Consider the following second-

kind linear FIE with a singular kernel:

GRS

The exact solution of the FIE (13) is

y(x)=3x.

y(x) =3x - ®d, xe[0]  (13)

. 2
The maximum error and |° errors of the

computational schemes are presented in Table
4.

Table 4: |"and |’ errors of the quadrature
methods for the FIE (13).

error open Newton-Cotes (n = 30)
Il 1076305 1
||e|||2 1.95935E-1

Fig. 10 shows a comparison between the exact
solution and the approximate solution
obtained by the open Newton-Cotes for the FIE
(13).

—+&— Numerical Method

0.2 —&— Exact Solution
0.0 s ' . . . X
0.0 0.2 04 0.6 0.8 1.0 1.2

Fig. 10: Comparison between the exact and
approximate solutions obtained by the open
Newton-Cotes for n=30.

Example 5. Consider the following second-

kind linear FIE with a singular kernel:

1
y(X):(X—2)2—%+éﬁy(t)dt, xe[0,1]  (14)

The exact solution of the FIE (14) is
2
y(x) =(x-2)".

. 2
The maximum error and |° errors of the

computational schemes are presented in Table
5.

Table 5: |"and |I° errors of the quadrature
methods for the FIE (14).

error open Newton-Cotes (n = 30)
”(—.‘”I00 1.07609E-1
le]. 1.055918-1

Fig. 11 compares the computational open
Newton-Cotes method results with the exact
solution for the FIE (14).

Numerical Method

1
——o6— Exact Solution

0.2 0.4 0.6 0.8 1.0

Fig. 11: Comparison between the exact and
approximate solutions obtained by the open
Newton-Cotes for n=30.

We can see from Figures 10 and 11 that the
computational solutions of the open Newton-
Cotes method (8) and the exact solutions are in

good agreement.

Conclusion

To conclude, three closed-type and iterative
Newton-Cotes methods were implemented to
solve linear and second-kind FIEs of regular
kernels. The errors of these iterative methods

were estimated in discrete 1” and 12 norm
confirming their efficiency. Respectively,
Figures 1 and 4 show that the absolute
difference between the exact and the
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computational solutions obtained by the
composite Bool’s quadrature are of order 10715
and 107, Thus, one could claim that the
performance of the composite Bool’s
quadrature is much better than the other two
iterative Newton-Cotes methods. Moreover, the
open Newton-Cotes formula (9) was
implemented to solve linear and second-kind
FIEs of singular kernels. The comparison of the
obtained approximate solutions against the
exact solution shows an acceptable agreement
as shown in Figures 10 and 11.
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FIEs: Fredholm integral equations.

TCS: trapezium-corrected Simpson’s.
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