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 :الملخص
عرفنيييياث باسييييتخدام ال يييير   اليييي                  فييييق ورليييية البحيييين  ييييدث اسييييتخدمنا  الميييي  ر التفا ييييلق الم مييييم  

الم رفية فيق الفويول  اليدييد   ،وتيم  إدخيال تفا يل  التب يية   فيق ليرا الوحيد   Hadamard product اليدياارتق
ا المييي  ر التفا يييلق  الم ميييم  وأي يييا تيييم تحقييييا علاليييان  خاويييه  لتفا يييل التب يييية ل يييدا المييي  ر باسيييتخدام  ييي بواسييي ه 

 خوائا مف وم التب ية .  
 .الدوال النيمية، تفا ل التب يةالم  ر التفا لق،  ال ر  الدياارتق، ،الدوال المحدبة: الكلمات الدالة

 Abstract 

In this paper ,we will  using a generalized derivative operator in the unit disk   {   | |        } which is 
defined by  Hadamard product , and introduced differential Subordination for a new  class define by this operator, 
and satisfy its specific relationship to derive the subordination for this operator by using properties of subordination 
concept .  
Keywords: Convex functions, Cartesian multiplication, differential operator, stellar functions, dependency 
differential. 
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1. Introduction: 

 The theory of univalent functions is one of the most important subjects in geometric function theory. The 

study of univalent functions was initiated by Koebe(Koebe, 1909) in 1907. One of the major problems in 

this field  had been the Bieberbach (Bieberbach, 1916) conjecture dating from the year 1916, which 

asserts that the modulus of the nth Taylor coefficient of each normalized analytic univalent function is 

bounded by n. The conjecture was not completely solved until 1984 by French American mathematician 

Louis de Branges (De Branges, 1985).  

Now, let   denote the class of all functions      of the form  

       ∑     

 

   

                            

which is   normalized power series , where    is a complex number and       is  functions  in the open 

unit disk    {  | |       }. 

 The class   of univalent functions in   normalized with the conditions                .  

Now  , Let      be the subclasses of     then we say that   is a starlike function if  : 

{        {
        

     
}   }       

 

And   is convex function if : 

                                    {       {  
       

      
}    }       

If the function           are analytic in    ,then we say    is subordinate to   in    ,written as        if 

there is a Schwarz function      analytic in         |    |   ,  So that        (    )         

    If the function   is univalent  in    then the subordination              is equivalent to           

                  . 

The Hadamard product of two analytic functions   and   denoted by       , where          

∑      
           and             ∑      
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is defined by       

                     ∑      
       

 

   

            

And by using this  product, Amer and Darus (Amer & Darus, 2011) they have recently introduced a new 

generalized derivative operator. 

Definition 1: 

For     the operator   (           is defined by   (              . 

  (                                                                    

where      {         }                 . and         denotes the Ruseheweyh 

derivative operator and given by 

           ∑              
  

                 
where          

        

      
 . 

If      given by (1), then we easily find from the equality (2) that  

  (                 ∑
                

        (         )
    

 
             , 

where          {         }                . 

Some special cases of this operator includes: 

 The Ruscheweyh derivative operator (Ruscheweyh, 1975) in the cases : 

                                                                            

                   
 The Salagean derivative operator(Salagean, 2006):  

                  
 The generalized Ruscheweyh derivative operator(Shaqsi & Darus, 2008) : 

               
   

 The generalized Salagean derivative operator introduced by Al-Oboudi (Al-Oboudi, 2004) : 

                 
   

Using simple computation one obtains the next result 
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 (                                   [ 

 (         )                 ]
 
              

    
where         and                 analytic function . 

 

Definition 2: 

Let                    be univalent in   .If      is analytic in   ,that fulfills the second –order 

differential subordination (Cotîrlă & Juma, 2023): 

                                                   ;z)                                                          

then       is the differential subordination Solution of (4). 

Definition 3:       

 Let   be the collections of functions   that are analytic and injective on        ⁄    when  

     {                     } and                             ⁄ .  

(Cotîrlă & Juma, 2023). 

Lemma 1:  

Let       be the univalent function in   . and let         be holomorphic in a domain       

                              
Set                         and                      suppose that : 

          is starlike in  . 

         (
      

    
)              

If      is holomorphic in    with            ,         ,and  

 (     )     
     (     )   (     )     

     (     ), 

then                                                          .  

 (Miller & Mocanu, 2003) 

Lemma 2: 
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Let       be convex in  and              with  

  (  
  

    

  
    

)     {      
  

  
}  

If       is holomorphic in   and                
                   

      

then                                                               

(Shanmugam, Sivasubramanian, & Srivastava, 2006). 

 

Theorem 1: 

Let   be convex univalent in    with                      and suppose : 

  (  
     

     
)     {      

  

  
}    

If     it satisfies the Subordination : 

(    (
 

  
)) (

                 

 
)
  

   (
 

  
) (

                   

                 
)
  

                                     

                                                           
  

  
       ,  

then            

                                (                 

 
)
                          

 

Proof: 

Consider       

     (
                 

 
)

  

                   

Then  

        (
                 

 
)

    

(
                                       

  ) 

        (
                 

 
)

  

(
 

                 
) 

(
                                       

  ) 
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         (
                 

 
)

  

(
                    

                 
 

 

 
)   

From (5) ,we have  

 
     

     
     (

                    

                 
 

 

 
)  

   (
                     

                 
  )   

By using (3 ) , we obtain  

 
     

     
     (

                        

   ( 
              )

 
                 

 
         

              

   ( 
              )

   )   

 

        

  
  

  
       

  

  
 (

                        

(               )
 
                 

)  (
                 

 
)

  

 
  

  

         
              

(               )
  (

                 

 
)

  

   (
                 

 
)

  

   

   
  

  
        

  

  
 (

                        

(               )
 
                 

)  (
                 

 
)

  

 
  

  
(
                 

 
)

  

(
         

              

(               )
    )    

By using hypothesis, we obtain  

     
  

  
             

  

  
         

Additionally ,apply (Lemma 2 ), when                 
  

  
   then  

            

                                          (
                 

 
)
            . 

Corollary 1: 

Let    be convex univalent in    with                      and suppose : 
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  (  
     

     
)     {      

  

  
}   

If     it satisfies the Subordination 

       (
        

 
)
  

   (
      

          
)
  

                    
  

  
       , 

then      

                                    (        

 
)
              

(Cotîrlă & Juma, 2023) 

Theorem 2: 

Let     be convex univalent in         , and        for all    , and suppose that     satisfies : 

   {  
   

   
 

       

   

         
      

      
 

       

     
}       

where                                       

Suppose that                    is a starlike univalent in    

If     it satisfies the Subordination  

                    (        )(    )
 

   (    )
   

             

where   

                   

  (
 

 

  
                          

 

  
                      

 
)

     

  (
 

 

  
                          

 

  
                     

 
)

        

     (
 

 

  
                          

 

  
                     

 
)

     

  

(
 

 

  
                           

 

  
                     

 
 

  
                          

 

  
                    

  ) 

then  
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Proof : 

Let                    and                           when      ,      are analytic in  . 

By using (Lemma 1), we obtain  

                                                            
                                                                                          
and                                        (    )       

                                         (       )(    )
 

                    . 

Since                    is a starlike, then      is starlike in    

Now                  (    )
   

            (    )
 
                              

                                          , 

and 

     

    
 

  

  
 

           

  
 

       

     
 

       

    
 

 

 
 

              (
     

    
)    {

 

 
 

  

  
 

           

  
 

      

    
 

       

     
}   

Now, consider 
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Then  
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)   

From (7), we obtain 
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hence 
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From (6) we obtain  

(        ) (    )
 

      (    )
   

      (        )(    )
 

   (    )
   

      , 

and by using (Lemma 1), we obtain  

               

  (
 

 

  
                          

 

  
                    

 
)

  

         

 Corollary 2: 

Let   be convex univalent in    ,                   for all      ,and Suppose that   satisfies  :  

   {  
  

  
 

      

  

         
      

      
 

       

     
}       

where                                      . 
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Suppose that                    is a starlike univalent in    

If     it satisfies the Subordination  

                     (        )(    )
 

   (    )
   

        
then               

  (
      

 
)

  

         

(Cotîrlă & Juma, 2023) 

Many other work on analytic functions functions related to derivative operator and integral operator can 

be read in (Shmella & Amer, 2024)  (Alabbar, Darus, & Amer, 2023), (Amer & Alabbar, 2017) 

and(Amer, 2016) . 

2. Conclusion: 

In this work , we defined generalized derivative operator using  Hadamard product in the unit disk 

  {  | |       }. and defined the Subordination class by this operator, and satisfied its specific 

relationship to derive the subordination for this operator using the properties of subordination concept. 
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