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Abstract
In this paper ,we will using a generalized derivative operator in the unit disk U = {z: |z| < 1;z € C} which is
defined by Hadamard product , and introduced differential Subordination for a new class define by this operator,
and satisfy its specific relationship to derive the subordination for this operator by using properties of subordination
concept .
Keywords: Convex functions, Cartesian multiplication, differential operator, stellar functions, dependency

differential.
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1. Introduction:

The theory of univalent functions is one of the most important subjects in geometric function theory. The
study of univalent functions was initiated by Koebe(Koebe, 1909) in 1907. One of the major problems in
this field had been the Bieberbach (Bieberbach, 1916) conjecture dating from the year 1916, which
asserts that the modulus of the nth Taylor coefficient of each normalized analytic univalent function is
bounded by n. The conjecture was not completely solved until 1984 by French American mathematician
Louis de Branges (De Branges, 1985).

Now, let A denote the class of all functions f(z) of the form

f(z)=z+ Z apz®, (z€U), (D
k=2
which is  normalized power series , where q; is a complex number and f(z) is functions in the open
unit disk U = {z:|z| < 1;z € C}.
The class § of univalent functions in A normalized with the conditions f(0) = f'(0) —1 =0 .

Now , Let §*, C be the subclasses of A then we say that f is a starlike function if :

{fes* : Re {Z;(’Z()Z)}> 0},26[{].

And f is convex function if :

{fec:re{ +ij((zz))} >0},zeu.
If the function f and g are analytic in U ,then we say f is subordinate to gin U ,written as f < g if
there is a Schwarz function v(z) analytic in U, with [v(z)] < 1, So that f(z) = g(v(2)); z € U.
If the function g is univalent in U then the subordination f(z) < g (z) is equivalent to f(0) = g(0)
and f(U) = g(U).

The Hadamard product of two analytic functions f and g denoted by f xg , where f(z) =z+

SPoazk  and  g(2) =2+ S8, bt (zE€U),
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is defined by

FD@=f@Drg@ =2+ ) abz* , (e
k=2
And by using this product, Amer and Darus (Amer & Darus, 2011) they have recently introduced a new
generalized derivative operator.
Definition 1:
For f € A the operator [ (A,,A, £,n) is defined by I™ (41,4, £,n): A — A.
I, 2 6,0)f (2) = 9™ (A4, 42, £)(2) *R*f(z) (z€U) , - (2)
where m €N, ={0,1,2,....} andA, >A; =0, £>0 . and R"f(z) denotes the Ruseheweyh

derivative operator and given by

R*f(z) =z+ ¥y5,c(n k) agbez" , (n € Ny, z € U),

where c¢(n, k) = % .
k-1

If £(z) given by (1), then we easily find from the equality (2) that

A+ (k—1)+£)m1
A+0)™ 1(142,(k-1))

™A, A0, (2) =z + Y-, —c(n, k)a,z",

where n,me N, ={0,1,2,.....}and A, =21, =0, £ > 0.
Some special cases of this operator includes:

e The Ruscheweyh derivative operator (Ruscheweyh, 1975) in the cases :

1*(14,0,1,n) = 1*(1,,0,0,n) = 1'(0,0,1,n) = 1°(0,4,,0,n) =1°(0,0,0,n) = I"™*1(0,0,1,n)
= I™*1(0,0,0,n) = R™

e The Salagean derivative operator(Salagean, 2006):

[™*1(1,0,0,0) = D™
e The generalized Ruscheweyh derivative operator(Shagsi & Darus, 2008) :

1%(24,0,0,n) = R}.
e The generalized Salagean derivative operator introduced by Al-Oboudi (Al-Oboudi, 2004) :

I™*1(1,,0,0,0) = Dg.

Using simple computation one obtains the next result
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(€ + DI™ (A, A, 6,0)f (2) =
A+ £ = A)[I™ (A, Ay £m) * 92 (Ae, Az, D) (@]f(2) + 1az[I™ (A1, A 8,m) * 01 (A, Ay, £)(2)] -

3)
where (z € U) and ¢!(4,,1,,£)(z) analytic function .

Definition 2:
Let Y:C3 X U - C and h(z) be univalent in U .If p(z) is analytic in U ,that fulfills the second —order
differential subordination (Cotirla & Juma, 2023):
Y(p(2),2p"(2),2%p (2),2)< h(2) , - ™
then p(z) is the differential subordination Solution of (4).
Definition 3:
Let Q be the collections of functions f that are analytic and injective on  U/E(f). when
E(f)={¢edU :lim,,.f(z) = o} and f'(z) # 0 for ¢e dU/E(f)
(Cotirla & Juma, 2023).
Lemma 1:

Let p,(z) be the univalent function in U. and let ¥ and 9 be holomorphic in a domain p,(U) c
D ,with9(z) # 0, when z € p;(U).

Set 0(2) =zp,(2)9(p1(2)) and h(z) = Z(p,(2)) + 0(2). suppose that :

i) Ois starlike in U.

ii) Re (Z(’)‘(g)) >0,z€U.

If p, (2) holomorphic in U with p, (0) = p, (0), p,(U) < D ,and

2(p2(2) + zp3(2)9(p2(2)) < Z(p1(2)) + 2p1(2)9(p1(2)).
then p2(2) < p1(2)-
(Miller & Mocanu, 2003)

Lemma 2:
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Let p, (2) be convex in Uand g, € C, B, € C* with

Pi(2) _rP
Re (1 + p{(z)) > max {0 ,—Re ﬁz}'

If p,(2) is holomorphic inU and  fp,(z) + Brzp3(2) < B1p1(2) + B22zp1(2),
then p2(2) < p1(2)

(Shanmugam, Sivasubramanian, & Srivastava, 2006).

Theorem 1:

Let b be convex univalent in U with b(0) = 1,a; > 0,0 # a, € C and suppose :

b'(2) a,
Re <1 + b’(z)) > max {0 ) —Rea—z} :

If f € A it satisfies the Subordination :

(1 0 () ) (Rtett) 4 (21 (SN (171 101

2 z 11\ Iy, 25,6m)f (2)

< b(2) + 2z b'(2),
1

then
(zmul.azz.f.n>f(z))“1 < b2 .
Proof:
Consider
02 = (1"1(,11,,12,2{’, n)f(z))“l_ & (5)

Then

I =a <1m(/11,/12,2£’, n) f(z))al_l (z[zm(al,az,e, n) f(z)]z’z— I™ (A4, A3, 4,m) f(z))

I™(Aq, Az, £, ) f(2)\™ z
q'(z):‘“( Z ) (Im(al,zz,e,n)f(z))

(Z[Im(/‘tll /12"8! n)f(z)]' - Im(/lllAZI’er n)f(z))

72
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Im(al,az,f,n)f(z)>“1 ([1m<zl,az,f.n)f(z)]' 1)

:q’(z)=a1< MmO, ez z)

V4

From (5) ,we have

q'(2) _ <[1m(/11,/12,f,n)f(2)]' 1)
1

4@ A A, e @)z
_ (Z[Im(711'/12'{’, n)f(2)] )
=a —-1].

™ (44,25, 4,n)f (2)

By using (3 ) , we obtain

Z@:az< (€ + DIM(Ay, A, 8,0)f (2) LA+ -9 Az, D@ 1)
0@ \Lz(p' (A, 2, @) 1M Ay A0 £)f @) hz(e (A Ay, £)(@)) ’

and

a;

%, iy = &2 ( (& + DI™ (g, 4,6, m)f (2) )_(1m<al,az,£, n)f(z))‘“
! L\ (9 Uy, 22, €)(2)) T (A, Az, 6, 1)f (2) z
Ca(L+£-2)9" (41,4, )(2) (1’”(&1.12,& n)f(z))‘“

L (9t @) z
_a, <1m(l1'/12'€; n)f(Z)>a1 ,

V4

2( (€ + DI™ (A, 45,8, 0)f (2) ) <1m<zl,az,e,n>f<z>>“l
L\ (9 (1, 22, 8)(@)) ™A, a6 MIf ()] z

_& (1"‘@1, 23, %, n)f(Z))“l ((1 2009 20, D@ )

= z (01,22, D@) )

= Z22q'(2) =
alzqz-

By using hypothesis, we obtain

a, a,
b(z) +—zq'(z) <b(z)+—2zb'(2).
a a;

Additionally ,apply (Lemma 2 ), when 8, =1 and f8, = %2 then

q(z) < b(2)

m a
(Ladatmr@)™ iy,

zZ

Corollary 1:

Let b be convex univalent in U with h(0) = 1,a; > 0,0 # a, € C and suppose :
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If f € A it satisfies the Subordination

DM r @)\ D@ \* - /
1-a) (D) +a(gnag) @@ <b@)+ 222,

then
Dn_lf(Z) a;
(—Z ) < b(2).
(Cotirla & Juma, 2023)
Theorem 2:

Let b be convex univalent in U,b(0) = 1, and b(z) # 0 for all z € U, and suppose that b satisfies :

zta  ze(o+ 1) zb'(z) zb'(2)
Re {p+%+—za2 )+ (—-1) b + o) } 0,

where g,¢,t €C, a; >0,0#a, €C and z €U.
Suppose that z(b(z))° "1 b'(z) is a starlike univalent in U.
If f € A it satisfies the Subordination
M(1L,m, Ay, & a1,a52) < (t +£ (@) (b(2)" +ax(b(@)" " b'(z),— (6)
where
M(1,m, Ay, € aq,05;2)

U™ O, 2,8 Wf () + (1 = U™ (A, A 6,1 (2))

V4

a,o

a;(o+1)

U™ (1, 25,8 Wf () + (1 = ) A™ (A £, f (2))

V4

a,o

U™ (A1, 2o, bW () + (1 = U™, A2, £, (2))

V4

+a,a,

U™ (A, 5, @) + (1= D U™ (A1, A L) (2D
O™ Gy, 2 @) + (L~ DA™y @)

then
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1 1
( (A—l)(lm+1(/11./12,€» n)f(2) + (1 - A—l)(lm(/h:lz,{)r n)f(z)))* < b(2).
Proof :
Let H(B)=(t+eB)B° and L(B)=a,(B)’1;0+peC.when H(B),L(B) are analytic in C.

By using (Lemma 1), we obtain

G(z) =zb'(2) L (b(2))
= a,z (b(2))°"'b'(2) ,
and y(z) = H(b(z)) + G(2)

= (t +eb(2)(b(2)) + azz (b(2))°"1b' (2).
Since z(b(z))°~ 1 b'(z) is a starlike, then G(z) is starlike in U.
Now ' (2) = atz(b(2))" 'b'(2) + e(o + 1)(b(2) .2b'(2) + ayz (b(2))° D" (2).z +
azz(c — 1) (b(2))°2b' (2). 2 + a5 (b(2))° b’ (2),
and

y'(z) ot e(lc+1)(bE) zb(2) z(c-1) 1

¢z a, a, b (2) b(z) | z
v'(2) _ 1 ot elc+1D)bE) z(c—1) zb'(2)
¢ (G(z)>‘Re{E P O b'<z>}'

Now, consider

V4

U™y, A L )f @) + (1= D™ Ay, A ()
q(z) =(— : - (7)

Then

V4

O™ (A, 1,8, (2) + (1 = DA™y, Ao b (@)
q'(2)=a . : .

() U™ G 20 8m)f ) + (1= 5) U™ A At f (@)
GIU™ A, 2, Wf @) + (1= DA™ (M, Ao £f (@) 7).

From (7) we obtain
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V4

((ﬁ)(zm“ul,zz,& WF @) + (1= D™ (A, 22 £, (2) )
t

z

L _ 1 m a;(o+1)
) <(Z)(’ (Gu dp & f @) + (1 = D) (Al.az.t’,n)ﬂz)))
&

=t (1) +¢((42)"9()
=(t+eq2) (q(z))a .

and

(fl)(lm“(/h,/lz,& n)f(2))' + (1 - 1—11)(1’”(,11,,121, n)f(2)) 42
a —_ =
T\ U™ O, 4 6 mF(2) + (1= U™ O, Az &, mF () P

hence

V4

((ixzm“ul,az,e, MF(@) + (1 = D)™ Gy, Ao £, (2)) )
a,a,

(f)(lm“(/h,ﬂz,i’. nf(2) + (1 - %)(Im(/h./lz,& n)f(2))’ s q'(2)
=1 T —p | =a,(q(2) z
U™y, 25, 6,m)f (2)) + (1= ) U™ (A, 45,8, 1)f (2)) q(2)
=a,2(¢)" ' q'(@).
2 M1,m Ay e a1,a52) = (t+£49(2) (4@)° +az2(0(2)” ¢'@).
From (6) we obtain
(t+eq(2) (q(z))a +az (q(z))a_lq’(z) <(t+e b(z))(b(z))a + az(b(z))a_1 b'(2),

and by using (Lemma 1), we obtain

q(z) < b(z) .
U™y, A £, f @) + (1= DA™ (A, A (@)
L . R < b(2).

Corollary 2:

Let b be convex univalentin U ,b(0) =1, and b(z) # 0 for all z € U ,and Suppose that b satisfies :

toc e(c+1) zb'(z) zb'(2)
Re{p+a—2+ . @D+(0-1) b(z)+b’(z)}>0'

where g,6,t €C, a; >0,0#a, €C and z € U.
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Suppose that z(b(z))°~! b’(z) is a starlike univalent in U.

If f € A it satisfies the Subordination

M(o,t, & h,u,ay,ay;2) < (t + ¢ b(z))(b(z))d +a, (b(z))a_1 b'(2),

then

<D”f (Z))a1 < b(2).

V4

(Cotirla & Juma, 2023)

Many other work on analytic functions functions related to derivative operator and integral operator can
be read in (Shmella & Amer, 2024) (Alabbar, Darus, & Amer, 2023), (Amer & Alabbar, 2017)
and(Amer, 2016) .

2. Conclusion:

In this work , we defined generalized derivative operator using Hadamard product in the unit disk
U = {z:]z| < 1;z € C}. and defined the Subordination class by this operator, and satisfied its specific
relationship to derive the subordination for this operator using the properties of subordination concept.
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