
 

 

322 

 

 مجلة جامعة بني وليد للعلهم الإندانية والتطبيقية
 ليبيا -تصدر عن جامعة بني وليد 

 bwu.com/index.php/bwjhas/index-https://jhasWebsite:  
 2024 العدد الثاني ،مجلد التاسعال

 

 من الدوال التحليلية ذات المعاملات الدالبة جديد صللف تالمعاملا حداب
 3سماح خيري عجائب "2عائشة أحمد عامر،* 1حنان محمد المروم

 .ليبيا، خمس، الجامعة المرقب، علهمالكلية ، رياضياتالقدم  3"2"1 

hmalmrawm@elmergib.edu.ly 
The Coefficient Estimates for A New Class of Analytic Functions 

 with Negative Coefficients 
Hanan Mohamed Almarwm 1 , Aisha Ahmed Amer2 and Samah Khairi Ajaib3 

1,2,3 Mathematics Department, Faculty of Science -Al-Khomus, Al-Margib University. 

 2024-06-00تاريخ النشر:           2024-05-21تاريخ القبول:       2024-05-07تاريخ الاستلام:

 :الملخص
بشييكل  وتييم تيري.ييكييلل  قييرا الوحييدة الم.تييوح   عميي  التحميمييية دواللميي جديييد فييه ىييلا البحييث تييم دراسيية ف ييل

يتميي   أخير  واا، و اشيتقا  خيتالميياملا حسابتم الح ول عم  و  يامل المشتقة الميمممأساسه بواسطة 
 .دراسة حا ل ضرب ىاردمارد ليله الدوال  بالإضافة إل  لل ، تم بيا ىلا ال. ل 
، متسمسييمة  ، حا ييل ضييرب ىادميياردميمييم الييدوال الاحادييية ، الييدوال التحميمييية ، المييلير الت.اضييمه ال: الكلمااات الدالااة
  القو  المييارية

 Abstract 

This paper introduces a new class in the open unit disc of analytic functions. It is mainly defined by the generalized 
derivative operator. A coefficient estimates is obtained, and other properties are derived. Additionally, Hadamard 
products (or convolution) of functions respective to the class are also included. 
Keywords: Analytic function, generalized derivative operator, Hadamard products, normalized power series, 
univalent functions. 
1 Introduction: 

Let   denote the class of functions   ( )  given by the normalized power series   

 ( )    ∑    
 

 

   

      (   )            

Where    is a complex number and   ( ) is functions in the open unit disk            
                                         *  | |       +. 
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This is analytic in   satisfying the usual normalization conditions given by  
     ̀( )     ( )      

  The Hadamard product (also known as convolution) for two analytic functions    as is in 
equation (1) and  

 ( )    ∑    
 

 

   

     (   )  

is provided by 

(   )( )    ∑      
 

 

   

    

We also denote by T the subclass of   consisting of functions of the form: 

 ( )    ∑    
 

 

   

                               ( ) 

  This subclass was first established and investigated by Silverman [19] (also see [11], [12]). 
For a function   ( )      , the Jackson’s q−derivative [16] (0 < q < 1), which is already 
introduced in several earlier investigations (see, for example [8,9,16]. 

   ( )    ∑, -    
    

 

   

 

Where, 

, -  
    

   
         , -      

As q → 1−, [k]q = k and    ( )    ( ). 
 
Motivated by the importance of studying the applications of quantum calculus in the physical 
and mathematical sciences, the authors in [6] introduced the generalized derivative operator 
given by 
 
Definition 1 ([6]).  
 For     the operator   (         ) is defined by   (         )     
  (         ) ( )    (       )( )     ( )    (   )               
Where      *        +   and               and    ( ) denotes the Ruscheweyh 
derivative operator [14] ,and given by  

   ( )    ∑  (   )   
 

 

   

 (        )  

Where 
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 (   )  
(   )   

( )   
 

If   is given by (1), then we easily find that  

  (         ) ( )    ∑
(    (   )   )   

(   )   (    (   ))
  (   )   

  

 

   

 

where            *        + ,               
Special cases of this operator includes: 

 the Ruscheweyh derivative operator[14] in the cases: 
  (        )    (        )    (       )    (        )     
   (       )      (       )      (       )             

 the Salagean derivative operator [15] 
    (       )    ,  

 The generalized Ruscheweyh derivative operator [17]: 
  (        )    

  ,  
 The generalized Salagean derivative operator introduced by  
Al-Oboudi [2]: 

      (        )    
    

 The generalized Al-Shaqsi and Darus derivative operator [3]: 
              (        )      

  , 
 The Al-Abbadi and Darus generalized derivative operator [4]: 

       (         )        

      
 Finally,  

 The Catas  derivative operator [10]: 
   (        )    (     ).  

Using simple computation one obtains the next result . 
(   )    (         ) ( )  (      ), 

 (         )    (       )( )- ( ) 
                             ,( 

 (         )    (       )( )-
   

Where (   ) and   (       )( ) an analytic function and form (2) given by  

  (       )( )    ∑
 

(    (   ))
   

 

   

 

Definition 2: 
 
Let                        , and      , such that    (         ) ( )  for z     . 
We say that        

 (           )  if and only if  
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 (           )   {      { 

   ( 
 (         ) ( ))

  (         ) ( )
}      } 

Now, we define the class given by   
 (           ).  

The aim of this paper is to examine various properties with respect to functions   that belong to 
this class. 

 
2 Coefficient Estimates 
Theorem 1: 
The function     

 (           ) if and only if  

∑(, - 

 

   

  )    
 (     )                                      ( ) 

Proof: 
Assume that (2) holds true. It is sufficient to show that  

|
    

 (       ) ( )

  (       ) ( )
  |  |

∑ (  , - 
 
   )    

 (     )   
 

  ∑     
 (     )

 
     

|  

This last expression is bounded above by       then      
 (       ) 

Now, let     
 (       )  then  

  {
    

 (       ) ( )

  (       ) ( )
}    {

  ∑ , - 
 
       

 (     )   
 

  ∑     
 (     )

 
     

}     

Choose values of z on real axis so that       (       ) ( )

  (       ) ( )
  is real. 

 Letting     through real values, we have  

  ∑, - 

 

   

    
 (     )   

    ∑      
 (     )

 

   

   
   

Thus we obtain  

∑(, - 

 

   

  )    
 (     )        

Which is (1). Hence the theorem is holds. 
Corollary 1: 
If       

 (           ), such that  
 ( )    

   

(, -   )    
 (         )

                 ( ) 

 Then we have  
   

   

(, -   )    
 (         )

                             ( ) 

Definition 3: 
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Let   
 (              ) be the subclass of   

 (           ) consisting of functions of the 
form  

 ( )    ∑
  (   )

(, -   )    
 (         )

 

   

   ∑     

 

     

               ( ) 

Where        and ∑       
    

Theorem  2 
Let  ( )    

 (           ), Then  ( )    
 (              ) if and only if  

∑ (, - 

 

     

  )    
 (         )   (   )(  ∑  )

 

   

                 ( ) 

Proof: 
Assume that  

   
  (   )

(, -   )    
 (         )

                                                      

By substituting the value of    , we obtain   

∑   ∑
(, -   )    

 (         )

(   )

 

     

 

   

      

      Then the equality (5) is holds.  
Now, if we assume that (5) is true, then  

 ( )    ∑
  (   )

(, -   )    
 (         )

 

   

   ∑
(   )∑   

 
   

(, -   )    
 (         )

  

 

     

      ( )          

Corollary  2 
If  ( )    

 (              )   and satisfied equations (4) and (6),  then  

   
(   )(  ∑   

 
   )

(, -   )    
 (         )

            

Theorem 3: 
If  ( )    

 (              )  then 

∑ , -   

 

     

 
,   - (   )(  ∑   

 
   )

(,   -   )    
 (           )

                 

Proof : 
Let  ( )    

 (              ), then , from (5), we have  

(,   -   )    
 (           ) ∑   

 

     

 (   )(  ∑  

 

   

)                 

Then 
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∑   

 

     

 
(   )(  ∑   

 
   )

(,   -   )    
 (           )

              

So, 

    
 (           ) ∑ , -    

 

     

(   )(  ∑  

 

   

)       
 (           ) ∑   

 

     

   

Which can written in the form: 

    
 (           ) ∑ , -    

 

     

(   )(  ∑  

 

   

)   
(   )(  ∑   

 
   )

(,   -   )
            

Then 

∑ , -   

 

     

 
,   - (   )(  ∑   

 
   )

(,   -   )    
 (           )

  

Theorem 4: 
Let the function  ( )    

 (              )  such that  

 ( )      ∑
  (   )

(, -   )    
 (     )

 

   

 ∑
(   )(  ∑   

 
   )

(, -   )    
 (     )

    

 

     

              

Then 
 
 

| |  | | ∑
  (   )

(, -   )    
 (         )

 

   

 ∑
(   )∑   

 
   

(, -   )    
 (         )

| |   

 

     

 

 | ( )|   

| |  | | ∑
  (   )

(, -   )    
 (         )

 

   

 ∑
(   )∑   

 
   | |   

(, -   )    
 (         )

    (  )

 

     

 

Proof:   
By applying the triangle inequality and some other properties of inequalities for the equation  , 
we can easily deduce the proof as follows: 

| ( )|  |  ∑
  (   )

(, -   )    
 (         )

 

   

   ∑       

 

     

| 

                  | |  | | ∑
  (   )

(, -   )    
 (         )

 

   

 | |   ∑    

 

     

 

and 

| ( )|  |  ∑
  (   )

(, -   )    
 (         )

 

   

   ∑       

 

     

| 
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                | |  | | ∑
  (   )

(, -   )    
 (         )

 

   

 | |   ∑    

 

     

 

Many other work on analytic functions related to derivative operator and integral operator can 
be read in   [ 1,5,7,16, 18] . 
Conclusion: 
          In this paper, we used new results are related to the class   

 (           ) 
 of analytic function in   and obtained a new class of analytic functions which defined on the 
open unit disc by using a generalized derivative operator .Also, we may obtain the Hadamard  
convolutions  of  functions .In our future paper , with the aid of q-calculus, we  will  investigate 
a same  new subclass of analytic functions involving the modified q derivative operator. The 
concept outlined in this article can be employed to easily study a large range of analytic and 
univalent functions linked to several theorem. This may open numerous new lines of inquiry into 
the Geometric Function,theory of Complex Analysis and appropriate areas.   
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