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Abstract

This paper introduces a new class in the open unit disc of analytic functions. It is mainly defined by the generalized

derivative operator. A coefficient estimates is obtained, and other properties are derived. Additionally, Hadamard

products (or convolution) of functions respective to the class are also included.

Keywords: Analytic function, generalized derivative operator, Hadamard products, normalized power series,

univalent functions.

1 Introduction:
Let A denote the class of functions f(z) given by the normalized power

f(2)=z+ ) ayz®, (z€),
kz:z "

Where q;, is a complex number and f(z) is functions in the open unit

U={z|z| < 1;z € C}.
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This is analytic in U satisfying the usual normalization conditions given by

f(O)=1+f(0)=1.

The Hadamard product (also known as convolution) for two analytic functions f as is in

equation (1) and

g(z)=2+2bkzk , (z € D).
k=2

is provided by

Fe@ =2+ ) axhzt,
k=2

We also denote by T the subclass of § consisting of functions of the form:

o)

f@=z2-) azk (1)
k=2
This subclass was first established and investigated by Silverman [19] (also see [11], [12]).

For a function f(z) € T , the Jackson’s g—derivative [16] (0 < q < 1), which is already

introduced in several earlier investigations (see, for example [§,9,16].

Vof () = 1= ) [Klgaez*™,
k=2

Where,

As q — 1-, [Klg = kand Vo f(2) = f'(2)-

Motivated by the importance of studying the applications of quantum calculus in the physical
and mathematical sciences, the authors in [6] introduced the generalized derivative operator

given by

Definition 1 ([6]).
For f € A the operator I"™ (A4, A,,1,n) is defined by I™(A,,4,,[,n): A — A

IM(A4, A2, L) f(2) = ¢™ (A, 42,D)(2) *R"f(2) ,(z € V)
Where m € Ny = {0,1,2,....} and A, > A, =0,l >0, and R"f(z) denotes the Ruscheweyh

derivative operator [14] ,and given by

R"'f(z)=z+ Z c(n, k)agz®,(n € Ny, z € U),
k=2
Where
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(m+1)gq

k) ==

If £ is given by (1), then we easily find that

A+24(k-1D)+Dm?
(1+ D™ 1(1+ A,k — 1))
where n,meN, ={0,12,...},1, >4, =>0,1=0.

Special cases of this operator includes:

c(n, k)a,zk,

™A, A, Ln)f(z2) =z + z
k=2

e the Ruscheweyh derivative operator[14] in the cases:

1*(14,0,1,n) =1*(14,0,0,n) = 1*(0,0,1,n) =1°(0,1,,0,n)
=1°(0,0,0,n) = I™*1(0,0,1,n) = I"*1(0,0,0,n) = R",

® the Salagean derivative operator [15]
1m*1(1,0,0,0) = s™,
® The generalized Ruscheweyh derivative operator [17]:
1%(1,,0,0,n) =R},
e The generalized Salagean derivative operator introduced by
Al-Oboudi [2]:
I*1(1,,0,0,0) = S[;,
e The generalized Al-Shagsi and Darus derivative operator [3]:
I™*1(24,0,0,n) = R,{fﬁ ,
e The Al-Abbadi and Darus generalized derivative operator [4]:
I"(21,2,,0,n) = H;lﬁz,
Finally,
® The Catas derivative operator [10]:
I™(14,0,,n) =I"™(4,B,1).
Using simple computation one obtains the next result .

(1 + l)Im+1(AllAZI l, n)f(z) = (1 + l - Al)[lm(AI'AZ' l' Tl) * ¢1(11712J l)(Z)]f(Z)
+Alz[(1m(/11')'2' l' Tl) * ¢1(/11,/12, l)(Z)],
Where (z € U) and ¢'(14,1,,1)(z) an analytic function and form (2) given by

1 _ N 1
¢ (M1, 22, D(2) = Z+,Z=2(1”z<k— 557

Definition 2:

LetA, >1,>20,l>20,0 <y < 1,and f € T, such that [™(A4,1,,[,n)f(z) forz € U.
We say that f € @7'(A4,4,,1,n,y) if and only if
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m _ . zZVq(I™ (A1, A2, 1,n) f(2))
@q (/11,/12;1,71,]/) = {f EA: Re{ Im(/ll,/lz,l,n)f(z) } >y ,}

Now, we define the class given by @7*(44, 45,1, n,y).
The aim of this paper is to examine various properties with respect to functions f that belong to

this class.

2 Coefficient Estimates
Theorem 1:
The function f € (DZI”(Al,/’LZ, [,n,y) if and only if

> Wl =¥ O e < 1-y. @)
k=2

Proof:
Assume that (2) holds true. It is sufficient to show that
Vg™ (A, A2 Df(2) 1‘ _ R - [K] ) Wac (A1, A2) 2"
M (A1, A2, )f(2) Z— Yke2 q’;lk(/lp A2) ay
This last expression is bounded above by 1 —y . then f € @g'(44,1;,7)
Now, let f € @g' (14, 4,, ), then
{zvqlmupaz, q)f(z)} e {z — [kl wg?kul,az)akzk} .
M (41, A2, Df(2) Z = Y=z Pax (A1, 42) ay '

. ZVI™(A4,4,,9)f(z
Choose values of z on real axis so that 1Az
Im(lllAZIq)f(Z)

Letting z — 1~ through real values, we have

is real.

o)

1= ) [Klg Wik Az 2 y = > o Wl (a, ) iz
k=2 k=2
Thus we obtain

> (Mg = ¥R A)a < 1-y.
k=2

Which is (1) Hence the theorem is holds.

Corollary 1:
If f € 07'(44,42,1,1n,y), such that
_ 1-y x
f& = 2= i, =G tn) @
Then we have
1-y
W= My =P Oy 2 L) 3)

Definition 3:
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Let @7 (A1, Az, L,n,y, dy,) be the subclass of 7t (A4, A,,1,m,y) consisting of functions of the

form

[ee]

s
1) = z—z( It T L @

k=n+1
Where 0 < d; <1land )" ,d; <1.

Theorem 2
Let f(2) € 057'(41,42,1,n,y), Then f(z2) € ®m(/11,/12,l, n,y,d,) if and only if

> WKly - YO A b, < (1= P)(1 = Zd) (5)

k=n+1
Proof:
Assume that

d;(1-—
a; = i€ ") for i =2,3,...,n

YT (il ¥ A Az L)
By substituting the vaIue of a; , we obtain

([k k(/h,ﬂz.l n)

k=n+1
Then the equality (5) is holds.

Now, if we assume that (5) is true, then

d (1 V) (1-_'Y)§: i
f(Z) =Z —Z( k(lli/’{Z'l Tl) z ( k(ﬂl,lz,l Tl) (6)

Corollary 2

If f(2) € 07" (A1, 42, 1,n,v,d,), and satisfied equations (4) and (6), then
1-y)A-%L,d)

T (kg = v)¥I (A, A, L)

k=n+1

Theorem 3:
/ff(Z) E QZ[n(All AZ! l; nl V: d‘l’l): then

[n+1],(1-y)A -3, d)
n+ 1] =¥z, Ln+ 1)

Proof :

Let f(2) € 07'(41,42,1,n,7,dy), then , from (5), we have

o)

(In + 1]q — ¥)¥™ (A, Ay, L + 1) Z aks(l—y)<1—zdi>,

k=n+1 i=2
Then

326



o

Z ay < 1-na-3i.d)
k
k=n+1 ( n+ 1 ) k(/ll' Ay Ln+1)

So,
[0/0) n (o]
W Ay, Ay L+ 1) Z [k]gax < (1—7) (1 - z di> + YT (A, Ay L + 1) Z e .
k=n+1 i=2 k=n+1
Which can written in the form:

® n
1- 1=%"_d.
YA, Az, Ln+ 1) Z [klgax <(1—7v) (1 - Z dl-) + y( [V)+( . _z-z i) .
k=n+1 i=2 ( n q ]/)
Then
- 1],(1 — 1=%" _d.
o < Pt a0 —NA-3d)
k=n+1 ( n+ 1 ) k(/11,/12, Ln+1)
Theorem 4:

Let the function f(z) € @7'(44,42,1,n,v,dy), such that
d; (1 V) (1 - (A -3, d)
fz)=z-2z zM
z Vz) Z

Yoy e (Kl —v) ¥k r2)
Then
2] |Z|ZZ d(l—y) z (1 V)Zl 2d; 12
k(lplz»l n) Kz n+1 k(/11;/12;l n)
<If@)l =
s '2'22 4 Z & NELydida™
([i] k()q;/lz:l n) ( Y)qj k(/11»/12» ,n)’
Proof:

By applying the triangle inequality and some other properties of inequalities for the equation

we can easily deduce the proof as follows:

n [e%e)
di(1-v) ;
|f(Z)|= Z_Z : i Z akzn+1
= ([l V)‘P k(/lplz'l n) e B
d;(1
<|z|+|z|22 ey R AN Y
( k vz, LN k=n+1
and
f(2)] = Z (; T > akgn
l=2( ‘k 1Az, LN k=n+1

327



- d;(1—
> (2l = ) e s Y
i=2 > 1

—) '1”57;( (4,45, 1,m) )
Many other work on analytic functions related to derivative operator and integral operator can
beread in [ 1,5,7,16, 18] .
Conclusion:
In this paper, we used new results are related to the class (2521(/11,/12, LLny)
of analytic function in U and obtained a new class of analytic functions which defined on the
open unit disc by using a generalized derivative operator .Also, we may obtain the Hadamard
convolutions of functions .In our future paper , with the aid of q—calculus, we will investigate
a same new subclass of analytic functions involving the modified q derivative operator. The
concept outlined in this article can be employed to easily study a large range of analytic and
univalent functions linked to several theorem. This may open numerous new lines of inquiry into
the Geometric Function,theory of Complex Analysis and appropriate areas.
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