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 الملخص:

العوليةث لوتسلسة ج رٌسييةو، هةت التشكية   لةَ تستكشف ىزه الٌسقث الةحثيث الخصائص الشياضيث ًالتطةيقاج 

هةةن خةة م تحليةةف دالةةث الوٌجةةث  الانتقةةام هةةن تقشيةةا الةةذًام الذًسيةةث علةةَ اةةف الوعةةادلاج الت اضةةليث ال  ئيةةث 

 الوشبعث، نةُين ك اءت استخذام تٌسعاج نصف الوذٍ ًالاهتذاداج ال شديث رة  تةسةيح اسةاع هعةاه ج رٌسييةو 

ساسث ىزه النتائج الشياضيث لحف هعادلث الحشاست أااديث الةعذ باسةتخذام رشيقةث رصةف   ًت  لَ رلك، تعُون الذ

ر  النيايث، تظُيش ىزه الذساسث رعاليث رشق هتسلس ج رٌسييو ر  اف هسةائف القةين الحذيةث ًنوزجةث  الوتغيشاج

  انتشاس الحشاست ر  الو الاج الوحذًدت 

                                                                  

هتسلس ج رٌسييو، الوعادلاج الت اضةليث ال  ئيةث، هعادلةث الحةشاست، الوٌجةث الوشبعةث،  ةشًر الكلماث الذالت: 

 ديشيشليو الحذيث 

Abstract 

This paper explores the mathematical properties and practical application of the Fourier Series, 

focusing on the transition from periodic function approximation to solving Partial Differential 

Equations (PDEs). Through the analysis of a square wave function, we demonstrate the efficiency of 

using half-range expansions and odd extensions in simplifying the calculation of Fourier coefficients. 

Furthermore, the study extends these mathematical results to solve the one-dimensional heat equation 

using the method of separation of variables. Ultimately, this study demonstrates  the effectiveness of 

Fourier series methods in solving boundary value problems and modeling heat diffusion in finite 

domains. 
 

Keywords: Fourier Series, Partial Differential Equations (PDEs), Heat equation, Square wave, Dirichlet 

boundary conditions. 
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1- Introduction 

The evolution of mathematical physics was profoundly impacted by Joseph Fourier’s proposal that a 

broad class of periodic functions can be represented as a sum of trigonometric functions. This concept, 

known as the Fourier series, has become an indispensable tool in engineering, signal processing, and 

physics. 

The prime challenge in many physical systems is representing discontinuous or non-smooth initial states.  

By utilizing the symmetry properties of functions such as even and odd extension, we can tailor Fourier 

representations to satisfy specific boundary conditions. This paper begins by deriving the Fourier 

coefficients for a square wave on a specific interval, highlighting the computational advantage of half-

range sine expansions. Subsequently, we demonstrate the application of these coefficients in solving the 

Heat equation, illustrating the transition from a static mathematical series to a dynamic physical solution 

that describes energy distribution over time. 

 

2- General Form of PDEs 

 If    is an unknown function depending on variables   and  , a second-order PDE can be expressed as  

 (    
  

  
 
  

  
  
   

   
 
   

   
  

   

    
 )    

Partial differential equations of the form                    are generally classified into three 

main types based on the discriminant      :  

1- Elliptic Equation         s: such as Laplace’s equation. 

2- Parabolic Equations         : such as the Heat Equation. 

3- Hyperbolic Equations         : such as the Wave Equation. 

The classification of PDE’s depends on the physical interpretation of the problem. 

 

3- Fourier Series 

Fourier series is considered one of the most important mathematical techniques used in analyzing periodic 

function. The French mathematician Joseph Fourier introduced this method during his study of heat 

conduction in solid bodies. The fundamental idea of Fourier Series is that any periodic and integrable 

function can be represented as an infinite sum of sine and cosine functions. This representation simplifies 

complicated mathematical problems and allows them to be solved more efficiently.  

A periodic function is a function defined for all real  , satisfying the fundamental property:  

                  
                                                                                  
Consequently, it holds that  

                                   
                                       

Simple functions of period    are  

 

                                        
 

The fundamental periodic behavior and geometric profiles of the basic components of this trigonometric 

system, namely                  , on the interval [    ] are illustrated below in Figure 1. 
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Figure 1 

 

And in the interval        we have  

            ∫             
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The Fourier Series of a function       defined on the interval        is written as: 

 

                                        ∑                 

 

   

      

 

Where    are the cosine coefficients,    are the sine coefficients and   represents half the period of the 

function. 

The coefficients of (1) are so-called Fourier coefficients of       and they are calculated using the 

following:  
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Example 1: Find the Fourier series of the given function of a periodic rectangular wave:  
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Solution 

 

Using the Fourier Series formula 

        ∑                 

 

   

 

we have to find the Fourier coefficients by using the Fourier coefficient formulas in (2) we get   
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Therefore the Fourier Series is  
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The  first three  partial sums are  
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Figure 2 

The numerical approximations illustrated in Figure 2 indicate that the Fourier Series converges to the 

function     . At the discontinuity points      and    , the series converges to the average of the 

left-hand and the right-hand limits, which equals zero. This behavior is consistent with the convergence 

properties of the Fourier Series. 

As observed in Figure 2, near the points of discontinuity        , the Fourier partial sums exhibt an 

overshoot and distinct oscillations known as the Gibbs Phenomenon. Even as the number of terms     
approaches infinity, this overshoot does not disappear; instead, its width narrows while its amplitude 

remains constant at approximately 8.95% of the total jump magnitude. This highlights the inherent 

limitation of using continuous trigonometric series to approximate discontinuous functions. 

 

4- Convergence and representation of Fourier Series  

Fourier series offer a robust framework for representing periodic functions. In practical application, 

convergence is guaranteed by the Dirichlet conditions, ensuring that the series accurately reflects the 

physical or mathematical function under study. 

To establish how a Fourier series behaves relative to its original function, we utilize the Dirichlet 

Convergence Theorem. This theorem guarantees that at any point where      is continuous, the series 

converges exactly to     . Crucially, at any point of jump discontinuity    , the series converges to the 

arithmetic mean of its left and right limits.The sufficient conditions for this convergence are defined as 

follows: 

Theorem: Let      be a periodic function with period   . Assume that within the interval [    ], the 

function satisfies the following conditions: 

1. The function is piecewise continuous  

2. The function has finite left-hand and right-hand derivatives at every point in the interval  

Under these assumptions, the Fourier Series of     converges according to the following results:  

 At points where the function is continuous, the Fourier Series converges to the exact value of the 

function 

          
 At points of discontinuity   , the Fourier Series converges to the arithmetic mean of the left-hand 

and the right-hand limits 
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Where     
   denotes the left-hand limit, and    

   denotes the right-hand limit. 

These convergence properties play an essential role in the applications of the Fourier Series to partial 

differential equations. 

 

5- Generalizing Fourier Analysis 
Arbitrary periods, odd and even functions, and half-Range techniques  

5-1- Generalization to Arbitrary periods        
Fourier series are commonly introduced for functions with period   . However, many physical and 

engineering problems involve intervals of length   , such as Heat conduction and wave motion. To apply 

Fourier analysis to these problems, the series is generalized by scaling the variable    Thus, a function 

defined on [    ] can be represented by  
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with the Fourier coefficients: 
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5-2-  Symmetry properties: Even and Odd functions  

 Even function              
The sine coefficient vanishes       , producing a Fourier Cosine Series. 
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 Odd function                
The cosine coefficient vanishes       , producing a Fourier Sine Series 

       ∑     
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5-3- Half-range expansion 

When the function      is only defined on a specific interval [   ](the Half-range). To represent such a  

function using a Fourier Series, we employ a conceptual extension: 
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 Even extension: the function is extended symmetrically about the y-axis over the interval [    ]. 
This results in a Fourier cosine series, where all sine coefficients vanish. 

 Odd extension: the function is extended antisymmetrically about the origin. This results in a 

Fourier sine series, where all cosine coefficients vanish. 

This technique is extensively utilized in solving partial differential equations to satisfy specific boundary 

conditions; fixed chords use a sine series, while isolated boundary terms often use a cosine series. 

 

Example 2: Find the Fourier series of the function:  

 

     {
                     
                       

               

 

Solution 

By applying the generalization of Fourier analysis to a function defined over a non-standard physical 

domain [    ]. Here, the period is      which implies    . 

We first examine the symmetry properties of the function     . 
 

Because             the function is odd. Therefore, the constant coefficient and the cosine 

coefficient vanish. 

          
 

As a result, the expansion reduces to a Fourier Sine Series only. 

Using the generalized formula for     : 
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Note that in the previous solution, the transition from the full-period integral [    ] to the double half-

period integral over [   ] effectively employs the half-range sine expansion. This confirms that for an odd 

function, the standard Fourier process and the half-range approach optimize computational efficiency. 

 

6- Application in Partial Differential Equations 

The practical significance of the Fourier Series extends beyond functional approximation to the field of 

Partial Differential Equations (PDEs). By utilizing the principle of superposition and the method of 

separation of variables, complex physical phenomena can be decomposed into simpler harmonic 

components.  

 

6-1 Thermal Diffusion in a Finite Rod 

Let the temperature distribution        within a thin homogeneous metal rod of length     be 

considered. The thermal behavior of this system is described by the one-dimensional heat equation: 
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where   represents the thermal diffusivity of the rod’s material. 

 

with the boundary conditions  

 

(6)                                                                

 

and the initial condition at     is given by the square wave function      defined in Example 2: 

 

(7)                           {
                     
                       

 

 

Note that for the actual physical rod where   [   ], the initial temperature distribution is simply 

          . However, to satisfy the homogeneous Dirichlet boundary conditions at the boundaries    
            we mathematically construct an odd extension of the initial profile onto the interval [    ]. 
This extending procedure yields a periodic square wave configuration that is identical to the mathematical 

function defined and solved in Example 2, thereby allowing the direct application of its Fourier sine 

coefficients.  

Applying the method of separation of variables by assuming a solution of the form  

 

                

 

Substituting into the heat equation gives: 

 

                      
 

      
     

     
 

      

    
           

                                                                                                                   
 

This yields two ordinary differential equations (ODEs): 

 

               
 

               
 

Applying the boundary conditions        and        

The non-trivial solutions occur for  

   (
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Since     

                             

 

The corresponding eigenfunctions are: 

 

             
 

Substituting   into the time equation  

 

(8)                                       
         

 

By the principle of superposition, the complete solution is expressed as the Fourier Sine Series  
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where we get the coefficients   by setting     and matching the initial temperature profile: 

       ∑         

 

   

      

 

This is exactly the Fourier Sine Series for the square wave on [   ], using the result from Example 2:  

    ∫           

 

 

  

  
[       ] 

which simplifies to: 
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So, the temperature evolution  of the rod is described by the following equation: 

 

                                    

                                         ∑
  

  
                

 

        

 

 

This example demonstrates how Fourier Series can be used to transform partial differential equations into 

a set of simple ODEs, providing an analytic solution to the one-dimensional heat conduction problem. 

 

7- Conclusion 

This paper has demonstrated that Fourier Series are more than just a tool for functional approximation; 

they are a fundamental bridge between abstract mathematics and physical reality. By analyzing the 

symmetry of functions, specifically through odd extension and half-range expansion, we can significantly 

simplify the computation of coefficients. These mathematical foundations directly enable the solution of 

complex Partial Differential Equations, such as the Heat Equation. The ability to decompose allows us to 

predict the dynamic behavior of systems, proving that Fourier analysis remains an indispensable pillar in 

engineering and physics. 
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