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Abstract

This paper will utilize the Exp-function scheme with the aid of Maple software to construct new explicit optical
solutions to the nonlinear Chen-Lee-Liu equation.

The Exp-function scheme is one of the most recent analytical schemes which used to solve many types of
nonlinear PDESs in mathematical physics.

This scheme considers a straightforward, concise, effective, and powerful mathematical tool to look for new
explicit optical solutions to nonlinear PDEs in mathematical physics.

Keywords: Explicit optical solutions, nonlinear PDEs, nonlinear Chen-Lee-Liu equation, the Exp-function
scheme.
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1. Introduction
In the recent years, many new natural phenomena exist in mathematical physics and some other fields as optical

fibers, plasma physics, solid state physics, biology, chemistry, engineering, chemical kinematics, quantum
mechanics, fluid mechanics, hydrodynamic waves and etc., which can be describe by nonlinear PDEs [1-18].

There are many analytical schemes to obtain explicit optical solutions for the nonlinear PDEs in mathematics,
physics, engineering and some other fields such as the modified extended tanh-function scheme [1-5, 17], the

generalized (%%) expansion scheme [10], the Exp-function scheme [11], the Jacobi-elliptic function scheme [12],

the auxiliary equation scheme [13], the generalized-projective Riccati equations scheme [14], the modified algebraic
scheme, the new mapping scheme, etc.
The Exp-function method, first introduced by He and Wu in 2006, has become a valuable tool for finding analytical
solutions to a wide range of nonlinear partial differential equations [11].
This article aims to apply the Exp-function method [5, 6, 18], supported by Maple software, to derive new explicit
optical solutions for the nonlinear Chen—Lee—Liu equation [1].

Y, +a¥,, + (9% + o) |¥|*¥, — i[AY, + 0(|P|?¥), + u(|¥]|H),¥] =0, (11
Here, W(z,t) is a complex-valued wave profile with i = v—1. The first term denotes linear temporal evolution,
while a, 928 + a are respectively, the coefficients of chromatic dispersion and nonlinear dispersion. The parameters
4,6, and u correspond to intermodal dispersion, self-steepening, and nonlinear dispersion, respectively.

The structure of this article is as follows: Section 2 introduces the Exp-function method, while Section 3 presents
the auxiliary formulas required for its implementation. In Section 4, the method is applied to the nonlinear Chen—
Lee—Liu equation. Finally, Section 5 summarizes the main conclusions.

1. Description of the Exp-function scheme
Consider a nonlinear partial differential equation for W(z, t) of the form:

PY, ¥, ¥, ¥,,, Y0, ¥, ..) = 0, (2.1)
Where P is a polynomial in its arguments. The core idea of the Exp-function method can be outlined through the
following steps:
Step 1: To obtain traveling wave solutions of Eq. (2.1), we assume

Y(z,t) = Y(); ¢ = z—9t, (2.2)

where 9 is a constant, z is the independent variable and t is a parameter. Therefore, the transformation (2.2) converts
Eg. (2.1) to the nonlinear ODE as follows:

QW W', —9W' W, 929", ..) =0, (2.3)

where prime denotes the derivative with respect to ¢.

Step 2: We assume that Eq. (2.3) has the formula solution:

Y. we¥ _ W-cexp(=c{) + -+ wp exp(p()
Y4 sie s_gexp(=d) +-+sgexp(q))

Y(©) = (2.4)

The positive integers c, d, p and q are free parameters, meaning they can be chosen arbitrarily. The values of the

constants w; and s; remain unspecified.
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Step 3. Substituting Eq. (2.4) into Eq. (2.3).

Step 4: To find the values of c and d, we look at the simplest (lowest-order) linear term in Eq. (2.3) and match its
behavior with the simplest nonlinear term. Basically, we make sure they “balance” each other in terms of how they
scale or contribute. In the same spirit, we figure out p and g by doing a similar balancing act, but this time with the
most complex (highest-order) linear term and the most complex nonlinear term. It’s like tuning both ends of the

equation so everything fits together smoothly.

Step 5. We are collecting terms of the same term of each power of exp(i{) (i = 0,+1,+2,£3,...).
Step 6. We equate the coefficients of each power of exp(i{) to zero.
Step 7. We solve a set of algebraic equations to determine the unknown constants.

Step 8. Substituting the Solutions of Step 7, into Eq. (2.4) we have the exact wave solution.

3. Auxiliary formulas for the Exp-function scheme
On using the ansatz given by Eqg. (2.4), we obtain general formulas as follows:

7y exp[—(c + d){] + - + oy exp[(p + q)]]

) = epl(2a)q] - 4 T expl(Za)]] G-
oo T2 €xpl—(c +3d){] + -+ o expl(p + 3q){]

) = Pl ad) ] + -+ T expl(49)3] (32)
oo T3 exp[—(c+ 7d){] + -+ ...+ oz exp[(p + 7q){]

) = o8]+ + T expl(8D3] (3-3)

pin gy = TP+ 27 = DA + -+ expl(p + 27— Da)g -

oy exp[(=27d){] + -+ + T exp[(27q){]”
4. Explicit optical solutions of Eq. (1. 1) using the Exp-function scheme

In this section, we will apply the Exp-function scheme to construct new explicit optical solutions of the nonlinear
Chen-Lee-Liu equation (1.1). To this aim, we use the wave transform in [1]:

Y(z,t) = Y(Q) expli(—kz + wt + 6,)],
to convert Eq. (1.1) to the following nonlinear ODE:
p?a®” + k(9?B+ a—0)¥3 — (k?a+ Ak + w)¥ =0, (4.1)

wherep, k, a, B and 9 are constants and { = p(z — IJt), for more details, see [1].
we suppose that the solution of Eq. (4.1) can be expressed as:

W_c exp(=c{) + -+ w, exp(pS)
S_q exp(—d{) + -+ g exp(q() ’

where ¢, d, p and q are positive integers.

Y = (4.2)

To determine the values of ¢ and d, we balance the linear term of lowest order ¥’ in Eq. (4.1) with the lowest order

nonlinear term W3. Simplifying the calculations, we have
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"o_ (51 eXp[—(C + 3d)<] + ...

T expl(—4d)S] + - - “3)
and
s _Ts exp[—(Bc +d)q] + - ’ 4.4)
74 exp[(=4d){] + -
where t;, (i =1, ...... ,4) are determined coefficients only for simplicity. From Eqgs. (4.3) and (4.4), we obtain
—(c+3d)=—Bc+d)=c=d. (4.5)

Similarly, to determine values p and q, we balance the linear term of the highest order W' in Eq. (4.1) with the
highest order nonlinear term W3, Simplifying the calculations, we have
.+ aexp[(p + 39)7]

g = 4.6
.. + o,exp[(4q){] (4.6)
and
S + azexp[(3p + q){]’ @7
o+ auexp[(4q){]
where g, (n =1, ... ... ,4) are determined coefficients only for simplicity. From Eqgs. (4.6) and (4.7), we obtain
p+3q=3p+g=>p=aq. (4.8)
Fow simplicity, we take the following cases:
Case 1.
If c=d=1andp =q =1, so Eq. (4.2) reduces to
_1exp(=0) +wy+w; e
q,(O=W 1 exp(=¢) +wy +w, exp({) (4.9)

s_q exp(={) + 5o+ sy exp({)
There are some free parameters in Eq. (4.9), for simplicity, we set s; = 1, so Eq. (4.9) reduces to

_w_gexp(={) +wp +w, exp({)
YO == 0D 50t e @ (10

Substituting Eq. (4.10) into Eq. (4.1), and with the help of Maple software, we have

1
E [Q; exp(3]) + Q, exp(20) + Qq exp() + Qp + Q_; exp(—0) + Q_, exp(—20) + Q_z exp(—30] = 0. (4.11)

where

E = (s_; exp(=0) + 5o + exp(])*

Q3 = —Bk9*w} — akw} + kOw3 + ak?w, + kAw; + ow,,

Q, = —3Bk9’wow? + 2ak?w;s, + ap?w, sy — 3akw? + 3kw0wi + ak?w, — ap?w,y + 2kAw, sy + kiw,
+ 20w, Sy + ww,,

Q, = —3Bk9*w_ wi# — 3BkI*wiw, + ak?w;s§ — ap?wysi + 2ak*wysy + 2ak?wys_q + 2p*wgs,
+ 4ap?w;s_; — 3akw_ 12 — 3akwéw, + kAw;sé + 3kOw_;s? + 3wzkOw, + ak’w_;
—dap?w_; + 2kAwysg + 2kAw;s_; + ww;sE + Akw_; + 2wwysy + 20w s_; + ws_q,

Qo = ak?wysé + Akwysi — Bk9*wd + 2ak?*w_;sy + 2ak?wos_y + 2kAw_;sq + 2kAws_; + 20wy S_1S,
— 3ap®w_1Sy + 6ap*wys_; + 20wW_1Sy + 20wyS_; + wwysi — akwi + k6w
+ 2w_ woak?w; + 2w kw_;Awy — 3ap?w;s_;so — 6akw_ wow; + 6kOw_ wow,

- 6W_1BkW0192W1,
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Q_; = =3Bk9?w2,w; — 3Bk9*w_ w2 + ak?w_;s& + 2ak?wys_;so + ak?w;s?; — ap?w_;s2 + ap?wys_15,
— 4ap?w,;s2; + 2ak?*w_;s + 4ap?*w_;s — 3akw?,w; — 3akw? + kAw_;sZ + 2kAw,ys_;so
+ kAw;s?; + 3kOw?2,wy + 3kOw_; + 2wikAw_;5_; + ow_;52 + 20WyS_1Sg + ww; 2,
+ 2ww_15_4,
Q_, = =3Bk9?w2,wy + 2ak?w_;s_;s¢ + ak?wys2; + ap?w_;s_150 — ap?wys?, — 3akw? wy + 2kAw_;s_;5,
+ kAwys?, + 3kOw? wy + 2ww_;S_;5, + owys?,,
Q_5 = —Bk9*w3, + ak?w_;s2; — akw3, + kAw_;s2; + kOw3, + ow_;s?,.
Equating the coefficients of exp(i¢); (i = 0,11, +2,+3) to be zero, we have

Q3 = 0, Q_3 = 0,
QZ = 0, Q_Z = 0,
'Ql =0, O‘—l =0,/
QO = 0.
On solving the above system of algebraic equations using Maple, we get the following results:

(ak? + kA + w)s_,

(4.12)

W_1 = > y
ak?+kA+w 2 _
\/ﬁk192+ak—k9 k(B9? +a—6)
ak?+kAl+w
Wo = W, S.1=S5q1, W1 = M'
] (4.13)

SO = T
ak2+kA+w
Bk9Z2+ak-ko

where w, and s_, are free parameters. Let w, = —1, s_; = 1. Therefore, Substitution these results into Eq. (4.10),

we obtain the following explicit optical solution:
Y(z,t) =

(ak +kA+w)e” p(z=9)

ak?+kAtw

2
Bkﬁ2+ak g K(BO*+a—6)

[e=p—00) - L 1 ep(z-90)
ak2+kA+w
BkO2+ak—ko

ak?+kAtw 5 (z-9t)
BKOZ+ak—koO

e—pPz-9t) — -} ep(z-90)

akZ+kA+w
Bk9Z+ak—ko

X expli(—kz + wt + 6,)] (4.14)

e

which is the explicit optical soliton solution of the nonlinear Chen-Lee-Liu equation whenc =d =1andp =q =

1,
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A

Figure 1. The profile of the optical-soliton solution (4.14)

A

withp=1,a=2 k=-1, @=3,1=-1,8=1,08=1 a=5, =7, 9=-1

Case 2.
If c=d=1andp =q = 2,50 Eq. (4.2) reduces to

_ w_gexp(=0)+wo+w; exp({)+w exp(29)
v = s-1 exp(={)+sp+s1 exp({)+s2 exp(20) (4.15)
There are some free parameters in Eq. (4.15), for simplicity, we set s, =1 and s; = 0, therefore Eq. (4.15)
becomes as follows:

_ W_1exp(={)+wo+wq exp({)+waexp(29)
v = s_1 exp(={)+so+exp(2¢) (4.16)
Substituting Eq. (4.16) into Eq. (4.2), and with the help of Maple software, we have

% [ exp(60) + Q5 exp(50) + Q4 exp(40) + Q3 exp(30) + Q, exp(20) + Q; exp(Q) + Qp + Q_; exp(—7)
+ Q_, exp(—20) + Q_z exp(—37)] = 0. (4.17)

where

E = (s-1exp(=0) + 5o + exp(20))°

Q¢ = —Bk9*W3 — akw; + kdw3 + ak?w, + kiw, + ww,,

Qs = —3Bk9’w,w? — 3akw,w? + 3kdw,w? + ak?w, — ap?*w; + kAw; + ww;,

Q, = —3Bk9*wowZ — 3BkI9*wiw, + 2ak?w, s, + 4ap?w,s, — 3wzakw, — 3akw? + 3kw,0wwi + 3kOwiw,
+ ak?wy — 4ap?wy + 2kAw, sy + kAw,y + 20w,s, + wwy,

Qs = 6p2aw;s, — BkI*w3 + 2ak?w; sy + 2kAw,; so + 9p?aw,s_; — 3kaw_;s% + 3kOw_;wi + 2ak?*w,s_,
+ 2kAw,s_; — 3kBI9?w_wi — 6wokw,aw, + 6kOwow,w, — 6w kwyf9%w, + ww_,
+ ak?*w_; + kAw_; + k6w — akw3 + 2ww; sy + 2ww,s_; — 9paw_,,

Q, = 2ak?wysy + 2kAwgys, — 4p2aw,sé + 4p?awys, — 3akwow? + 3kOwow? — 3kawiw, + 3kOwiw,
+ 13ap?w;s_; + 2ak?w;s_; + 2kAw,s_; + kAw,s2 + ak?w,s2 — 6w_ 1 kw, aw,
+ 6kOw_ wyw, — 3Bk9?wow? — 3Bk9?wiw, — 6w_; Bkw,;9%w, + ww,s3 + 2ww,s,

+ 2ww,s_4,
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Q; = —6kBI9*w_jwow, — 3kBI9?w_;wi + 11p2aw,s_;s, — 6kaw_ wow, + 6kw_;wo0w, + 2ak?w,s_;s,
+ 2ak?wys_q + 2kAw_;sy + 2kAwys_; + 2ww,s_1 sy — 3akwiw; + 3kOwiw, — ap?w; s
+ ak?w;sZ + 22kw,s_; sy — 3Bk9*wEw, + ww;sE + 2wwys_; + 20w_; 5o + kAw,s2

— 3akw_,w? + 3kOw_,w? — 2p%aw_,s, + 13pZawys_; + 2ak?w_;s,,

e}
o
|

= ak?wys¢ + kAwysg — Bk9*wd + 2ww_ys_; — 6Bk w_wow; — 6akw_jwow; + 6kOw_ wow;
+ 2ak?w;s_150 + 9ap?w_1s_q — 3kaw?,w, + 3kw2,0w, + wwysE — akwd + kOwd
+ 2kAw;s_15o — 3ap?wys_yso — 3kBI w2 w, + ak?w,s?, + Akw,s2, + 2ak?w_;s_;

+ 2kAw_;S_1 + 20wy S_1Sy + ww,s2; — 9ap?w,s?,,

P
I

—3Bk9%w?,w; — 3Bk9*w_ Wi + ak*w_,s¢ + 2ak?wys_,so + ak?w;s?; — ap*w_,s¢ + ap*wys_1so
— 4ap®w,;s?; — 3akw?,w; — 3akw_;wi + kAw_;wg + 2wow_ kAw, + kAw;s?, + 3kOw? w,
+ 3kOw_ wé + ow_;sE + 2wwys_, Sy + ow;S2,,

Q_p

—3Bk9?w2,wy + 2ak?w_;s_15o + ak?wys2; + ap?w_1s_1S — ap?wys?; — 3akw? wy + 2kAw_;S_;5,
+ kAwoys2, + 3kOw?2, s + 20W_15_1Sy + wwys?4,

Q_5 = —Bk9*w3, + ak?w_;s2; — akw3, + kAw_;s2; + kw3, + ow_;s?,,

Equating the coefficients of exp(i¢); (i=0,%1,%2,43,4,5,6) to be zero, we have

Q=0 Q=0 Q=0

Q,=0, Q,=0 Q=0

0,=0, Q,=0 Q,=0 |
QO=0’

(4.18)

On solving the above system of algebraic equations using Maple, we get the following results:

J ak? + Ak +
W—l = 1 a5 . 1 1A S—l)

Bk9? + ak — kO

wp = O, S_1=S5_1, SO = So,

_ ak?+ Ak + w
Yo = [Bk9% + ak — ko

ak2+Ak+w
W2 = \/ Bk9Z+ak—k6 (4.19)

where s_; and s, are free parameters. Let s_; = 1,s, = —1. Therefore, Substitution these results into Eq. (4.16), we

ak?+k+w a—p(z=0t)
BkO2%+ak-k6

|e—p(z—19t) -1+ e2p(z—19t)

obtain the following explicit optical solution

Y(z,t) =

ak2+k+w n ak?+2k+w ezp(z_m)]
BlO?+ak—ko Blcd?+ak—ko

e—p(z—ﬂt) —-14 eZp(z—l‘)t)

x expli(—kz + wt + 6,)] (4.20)
which is the explicit optical soliton solution of the nonlinear Chen-Lee-Liu equation whenc =d =1andp =q =
2,.
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Figure 2. The profile of the optical-soliton solution (4.20) withp =1, a=3, k=-1, ®=2, A=-1,8 =1, 0 =1,
a=3 B=3 9=-1

5. Conclusions

The Exp-function scheme used in this article was successful and effective to obtain new explicit optical solutions to the
nonlinear Chen-Lee-Liu equation. Many authors have used this analytical scheme and described it as straightforward, concise and
powerful tool for solving nonlinear wave equations in mathematical physics.
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