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 :الملخص
[ يتم تعريف الوظيفة المحمية عمى مجموعة غير فارغة والتركيب مع الدوال الممساء الإقميدية لمجموعة من 0في ]

[. توفر هذه الورقة الدوال المحمية والتركيب 10الوظائف، وهو تعميم مجرد لمجموعة الوظائف في الفضاء الإقميدي ]
وال. يتم تقديم نظريات وأمثمة مهمة تتعمق بالوظائف المحمية مع الدوال الإقميدية السمسة لمجموعة لا تحصى من الد

  والتركيب مع الوظائف الإقميدية السمسة.
 مفهوم الدوال، الطوبولوجيا الأولية، المشتقات الجزئية، الدوال الممساء.: الكلمات الدالة

Abstract 

In [2] the local function on a nonempty set M and the composition with Euclidean smooth functions are defined for 

collection of functions C , which is an abstract generalization of the collection of 
C  functions on the Euclidean 

space [12]. This paper provides local functions and composition with Euclidean smooth functions for a countable 

set of functions  NnffffC n  ,,...,,, 321 . Important theorems and examples concerning local functions and 
composition with Euclidean smooth functions are given. 
Keywords: Functions concept, initial topology, partial derivatives, smooth functions. 
 Introduction 
Throughout this paper, let  NnffffC n  ,,...,,, 321  be a set of real-valued functions 
defined on a nonempty set M . A real function  : Mf , defined on a topological 
space  ,M  is said to be a local C -function on M  if, for any Mp , there exist a 
neighborhood U  of p  and a function  NnffffCg n  ,,...,,, 321  such that 

UgUf   [12]. 

The set scC  is defined by setting scCf   if and only if there exist Cfff n 
 ...,,, 21 , 

Nn , and a function :  n    of class C  such that  
 

https://jhas-bwu.com/index.php/bwjhas/index
mailto:Ebtesam_alousta@yahoo.com


531 

 

 
 nffff ,...,, 21 . 

In other words4]:   
 

scC   
 CCffffff nn  ,...,,,:...,,, 2121 ( n , ), Nn .  

 
The paper is organized as follows. In Section 2, we present the basic definitions. This 
includes concepts in topology and analysis and some of theorems and examples are 
given. Section 3, provides the concept of local functions and some of theorems and 
examples concerning local functions are proved. Finally in Section 4, we studies the  
2.  Basic Definitions   
Definition 2.1. 1 Let   




 ,  be a collection of topological spaces and let 
 NnffffC n  ,,...,,, 321  be a collection of functions  :f , where   is an 

arbitrary nonempty set, Nnn  ,,...,2,1  . A topology on  , denoted by C , is initial 
with respect to  NnffffC n  ,,...,,, 321  if it has the following property: for any 
topological space  , a function    Cg  ,,:   is continuous if and only if the 
composite      ,,: gf   is continuous for each Nnn  ,,...,2,1 . 
We have the following theorem  
Theorem 2.1. 1 Let C  be the initial topology on a nonempty set   with respect to 

 NnffffC n  ,,...,,, 321 . If   is any topology on   such that each 
     ,,: f  is continuous, then C  is weaker than , i.e.,  C . 

 Proof. Let    CI  ,,:   be the identity function. Since
     ,,:  Iff    is continuous for each Nnn  ,,...,2,1 , then 

   CI  ,,:   is continuous. Consequently if CU  , then   

 UUI 1 . Hence 
 C . ■ 

Example 2.1.  The usual topology on n  is the initial with respect to the projections  
 : n  , where   ,...,,, 21  xxxx n  n,...,3,2,1 . So a function 
   Ygggg n :...,,, 21

n , where Y  is a topological space, is continuous if and only if  
 gg  Y:  is continuous. 
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Lemma 2.1. Let    NnggggCNnffffC nn  ,,...,,,,,,...,,, 32123211  be two sets of 
real-valued functions on a nonempty set M . If 21 CC  , then 21 CC   .  
Proof. A subbase of  1C  is 1 {   UCfUf ,: 1

1   open in }, a subbase of 2C  is  
 

2 {   UCfUf ,: 2

1   open in } 
 
          {   UCfUf ,: 1

1   open in }  
 
                 {   UCCfUf ,: 12

1   open in } 
 
                                         1  {   UCCfUf ,: 12

1   open in }. Since 
21   , then 21 CC   .   ■ 

Definition 2.2. 9 Let G  be an open subset of n . A function Gf :  k  is called 
infinitely differentiable, or of class C  provided all partial derivatives of f , of all orders, 
exist and are continuous on G . 
Let C (G , k ) denotes the set of all functions Gf :  k  of class C . Or more 
generally (see, for instance, 9).  
Definition 2.3. Let G  be an open subset of  n , let r  be a positive integer. A function 

Gf :  k  is said to be of class rC  if all its partial derivatives up to the order r  exist 
and are continuous on G . The set of all rC  functions Gf :  k  is denoted by              

rC (G , k ). Thus f C (G , k ) if and only if f rC (G , k ) for ...,2,1,0r , where 
0C (G , k ) is the set of all continuous functions on G  with values in k .       

3.  Local Functions  
Let  ,M  be a topological space with a topology  , and  NnffffC n  ,,...,,, 321  a set 
of real-valued functions defined on M . As in 3, 4, 6, 8, 12 and 14, local functions are 
defined as following : 
Definition 3.1.  A real function  : Mf , defined on a topological space  ,M  is 
said to be a local C -function on M  if, for any Mp , there exist a neighborhood U  
of p  and a function  NnffffCg n  ,,...,,, 321  such that UgUf  . The set of all 
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local C -functions on M  will be denoted by  ,MC  or, simply, MC . Another way to define 
a local C -function is the following 12: 
A function f  defined on a topological space M  is a local C -function provided there 
exists an open covering  of the space M , such that for every set  U  there exists 
a function  NnffffCg nU  ,,...,,, 321   with UgUf U . 
The following lemma is stated without proof in 12. 
Lemma 3.1. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions over a 
topological space  ,M . Then every Cf   is a local C -function on M , i.e., MCC  . 
 Proof. Let Cf  . Let Mp . Take fg   and MU  , then UgUf  . It follows that 

MCf  . Hence MCC  .    ■ 
The following definition is given in 20 and adopted by 3, 4, 11 and 14. 
Definition 3.2. A set of real-valued functions  NnffffC n  ,,...,,, 321  on a topological 
space M  is said to be closed with respect to localization if MCC  . To prove that 

MCC  , it is enough to show that CCM  . 
Lemma 3.2.  Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions over a 
topological space  ,M . Then C  is closed with respect to localization if and only if 

CCM  . 
Proof. If C  is closed with respect to localization, i.e., MCC  , then CCM  . 
Conversely, if CCM  , then by Lemma 3.1 we have MCC  . Therefore MCC  , so C  
is closed with respect to localization.   ■    
Theorem 3.1.  Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions on a 
topological space M . Then   MMM CC  . 
Proof. Let MCD  . Then we want to show that DDM  . By Lemma 3.2, it is enough to 
show that DDM  . Now, if MDf  , then for each Mp  there exist a neighborhood 

U  of p  and a function Dg  such that UgUf  . Since MCDg  , then there 
exist a neighborhood V  of p  and a function Ch  with  VhVg  . Since W VU   
is a neighborhood of Mp , Ch , and  WhWf  , then DCf M  . Hence 
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.DDM   Therefore DDM  , by Definition 3.2, we have MCD   is closed with respect to 
localization.  ■  
Example 3.1. Let  NnffffC n  ,,...,,, 321  be the set of all continuous real-valued 
functions on a topological space M . Then C  is closed with respect to localization,            
i.e., CCM  . 
Proof. Let MCf  . Then there exists an open cover  of M  such that for each U  
there exists a function CgU   with UgUf U . Now, let V  be an open set in . 
Then 

                                                    
which is open, because Ug  is continuous and U  is open. Then f  is continuous. Hence 

Cf  . So CCM  , by Lemma 3.2, C  is closed with respect to localization.   ■   
The following lemma is in order. 
Lemma 3.3. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions on a 
nonempty set M . Let 1  and 2  be two topologies on M . If 21   , then 
    21 ,,  MM CC  .  
Proof. Let  1,MCf  . Then for each Mp , there exist a neighborhood 1pU  and a 

function Cg  such that  pp UgUf  . Since 21   , then 2pU  and  2,MCf  . 
Consequently     21 ,,  MM CC  .    ■  
Lemma 3.4. Let  NnffffC n  ,,...,,, 321  and  NnggggD n  ,,...,,, 321  be two sets of 
real-valued functions on a nonempty set M  and let   be a topology on M . If DC  , 
then MM DC  . 
Proof. Let MCf  . Then for each Mp , there exist a neighborhood pU  and a 

function Cg  such that pp UgUf  . Since DC  , then Dg . Hence MDf  . 
Thus MM DC  .    ■  
 

 



535 

 

Lemma 3.5.  Let  NnffffC n  ,,...,,, 321  and  NnggggD n  ,,...,,, 321  be two sets of 
real-valued functions on a set M  and let 1 , 2  be two topologies on M . If DC   and 

21   , then    21 ,,  MM DC  . 
Proof. From Lemma 3.4, we have     11 ,,  MM DC  .           (1) 
By Lemma 3.3, we have    21 ,,  MM DD  .             (2) 
From (1) and (2), we have    21 ,,  MM DC  .     ■  
4.  Composition with Euclidean Smooth Functions.  
Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions defined on a nonempty 
set M . As in 8, 11 and 14, the set scC  is defined by setting scCf   if and only if 
there exist Cfff n 

 ...,,, 21 , Nn , and a function :  n    of class C  such that 
 

 nffff ,...,, 21 . 
In other words 4, 5, 6, 10, 11 and 14:  

scC   
 CCffffff nn  ,...,,,:...,,, 2121 ( n , ), Nn . 

Lemma 4.1. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions defined on 
a nonempty set M . Then scCC  . 
Proof. Let Cf   and let :   be the identity function. Since  C ( , ), then    

scCf  . Since f f , then scCf  . Hence   scCC  .   ■   
Corollary 4.1. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions on a 
nonempty set M . Then CscC   if and only if CscC  . 
Proof. If CscC  , then CscC  . Conversely, if CscC  , then by the preceding lemma 
we have scCC  . Consequently CscC  .    ■    
The following definition is given in 4, 11, 12 and 14.      
 Definition 4.1.  Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions over a 
nonempty set M . If CscC  , then C  is said to be closed with respect to composition 
with Euclidean smooth functions.  
Lemma 4.2. Let 21,CC  be two sets of real-valued functions on a nonempty set M . If 

21 CC  , then 21 scCscC  . 
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Proof. Let 1scCf  . Then  nffff ...,,, 21  for some 121 ,...,, Cfff n  , Nn , and 
some C ( n , ). Since 21 CC  , then 221 ,...,, Cfff n   and 2scCf  . Hence 

21 scCscC  .   ■  
Example 4.1. Let  NnffffC n  ,,...,,, 321  be the set of all continuous real-valued 
functions on a topological space M . Then CscC  . 
proof. Let scCf  . Then there exist Cfff n ,...,, 21 , Nn , and a function                    

C ( n , ) such that  nffff ...,,, 21 . Then f  is continuous because   is 
continuous,  nfff ,...,, 21  is a continuous function and the composition of two continuous 
functions is a continuous function. This means that Cf  . Hence CscC  .   ■  
Theorem 4.1. Let  NnffffC n  ,,...,,, 3210  be a set of real-valued functions defined 
on  a nonempty set M . Then the initial topology with respect to 0C  and 0scC  coincide, 
i.e., 00 scCC   . 
proof. Let 0Cf  . By Lemma 4.1, 00 scCC  . Then 0scCf   and   

0
,: scCMf    

is continuous for each  0Cf  . But 0C  is the weakest topology such that each 0Cf   is 
continuous. Hence  00 scCC   .                (3) 
On the other hand, let 0scCg . Then   nfffg ,...,, 21  for some 021 ,...,, Cfff n 



, 
where Nn , and some C ( n , ). Since the topology of n  is the initial with 
respect to the projections :i n   , where    ini xxxx ...,,, 21 ,   and 

   


0
,:,...,, 21 Cini Mffff      is continuous, then             

0
,:,...,, 21 Cn Mfff   

n  is continuous. So the composition     


0
,:,...,, 21 Cn Mfffg     of two 

continuous functions is continuous. Hence   
0

,: CMg    is continuous for all 
0scCg . But 0scC  is the weakest topology on M  such that each 0scCg  is 

continuous. It follows that 00 CscC   .            (4) 
From (3) and (4), we have   00 scCC   .     ■  
In general, by Lemma 3.1, MCC   nevertheless the following theorem says that     

MCC   . 
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Theorem 4.2. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions defined on 
a nonempty set M . Then MCC   , where MC  is the set of all local C -functions with 
respect to the topology C  on M . 
Proof. Let MCf  . Then for each Mp , there exist a neighborhood CpU   of p  and 

a function Cg p   such that ppp UgUf  . Since  Cp Mg ,:   is continuous, then 
 CMf ,:   is continuous at p . Since Mp  is arbitrary, then   CMf ,:   is 

continuous. But this means that   CMf ,:   is continuous for any MCf  . Since 
MC  is the weakest topology on M such that each MCf   is continuous, then      

CCM
  .               (5) 

Conversely, suppose that Cf  . Since, by Lemma 3.1, we have MCC  ,  then MCf 

. Therefore  
MCMf ,:   is continuous for all Cf  . But C  is the weakest topology 

on M  such that f  is continuous for all Cf  . Consequently MCC   .                (6) 
From (5) and (6), we have  MCC   .     ■   
Theorem 4.3. Let  NnffffC n  ,,...,,, 321  be a set of real-valued functions defined on  
a nonempty set M  and consider M  with the topology C . Then 

MMM scCscCCscCC   )( . 
Proof. From Theorem 4.1 we have scCC                  (7) 
And MM scCC   .              (8) 
And by Theorem 4.2, we have MCC                    (9) 
And MscCscC )(  .              (10) 
From (7), (8), (9) and (10), we have  

MMM scCscCCscCC   )( .    ■   
Theorem 4.4. Let  NnffffC n  ,,...,,, 3210  be a set of real-valued functions defined 

on a nonempty set M . If   
0

,0
CM

scCC


  with respect to the topology 0C , then 
  CC

CM ,  and C  is closed with respect to Localization. 
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Proof. Let ),( CMCf  . That is, for each Mp , there exist a neighborhood CPU   of 
p  with CpUp   and a function Cg p   such that ppp UgUf  .             (11) 

 Since   
0

,0
CMp scCCg


 , then there exist a neighborhood 0CpV   of p  and   a 

function 0scChp   with pppp VhVg  .              (12) 
Since 0scChp  , then  

 np fffh ...,,, 21            (13) 

for some finite sequence 021 ...,,, Cfff n 


, and some C ( n , ). From (11), (12) 

and (13), we have    ppnpp VUfffVUf 


 ...,,, 21 . 
Since CC  

0 , then 0Cpp VU   is an open neighborhood of p . This  implies that 
   CscCf

CM


0
,0  . Hence   CC

CM , . By Lemma 3.2, C  is closed with respect to 
Localization.    ■  
Theorem 4.5.  Let  NnffffC n  ,,...,,, 3210  be a set of real-valued functions on a 
nonempty set M  and consider M  with the topology 0C . Then the set of all local 0scC - 
functions on M ,  

M
scCC 0 , is closed with respect to composition with smooth 

functions, i.e., CscC  . 
Proof. Let us observe that CscCC  

00 . Let scCf  . 
We want to show that Cf  . Since scCf  , then there exist Cfff n ...,,, 21  and 

C ( n , ) such that  
 nffff ...,,, 21 .            (14) 

Since  
Mn scCCfff 021 ...,,, 



, then for each Mp  there exist neighborhoods                          
nUUU ...,,, 21  of p  and functions 021 ...,,, scCggg n   such that

nnnn UgUfUgUf  ...,,1111 . Let np UUUU  ...21 . Then 
pnpnpp UgUfUgUf  ...,,11 .             (15) 

Since 021 ...,,, scCggg n  , then 
 

  











nk

nnnn

k

ggg

ggg

...,,

...,,

1

1

1

111
1











               (16) 
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for some C1 ( 1k , ), , 
Cn ( nk , ) and 0

1

1

1

1 ...,,...,,...,, 1 Cgggg nk

nn

k
 . From 

(14), (15) and (16), it follows that      p

k

nnn

k

p UggggUf n...,,...,,...,, 1

1

1

11
1   . 

Thus     p

k

nn

k

np UggggUf n...,,...,,...,,...,, 1

1

1

121
1   where n ...,,, 21  are functions 

in C ( nkk  ...1 , ) defined by  
 
   

    ....,,...,,...,,...,,

...,,...,,...,,...,,

11

1

1

1

1

1

11

1

1

1

11

1

11

nn

n

k

nnn

k

nn

k

n

kk

nn

k

xxxxxx

xxxxxx











 
 
Let    nk

nn

k

np ggggg ...,,...,,...,,...,, 1

1

1

11
1  . Then, for each Mp , there exist a 

neighborhood pU  of p  and a function 0scCg p   such that .ppp UgUf   Consequently 
  CscCf

M
 0 . This is true for all scCf  . Hence CscC  . This completes the proof.     
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