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Abstract

In this paper, we introduce standard definitions for new subclasses of uniformly starlike, uniformly convex p-valent
functions, and study some properties of uniformly certain classes of analytic functions defined by certain integral
operator.

Keywords: Analytic functions; p—valend functions; starlike functions; convex functions; uniformly starlike functions;

uniformly convex functions.

Introductioni-

Let H(U) be the class of analytic functions in the open unit disk U = {z:z € C,|z| < 1} and H[a,p] be
subclass of H(U) consisting of functions of the form:
f2)=a+az" +a,4.,z"" 4+ (a€CneN={1.2,.1),
Also, let A(p) be the subclass of the functions f € H(U) of the form:

f(z) =z + Z a,z" (p €EN), (D
n=p+1
we note that A(1) = A the class of univalent functions.

Let f € A(p) given by (1) and g € A(p), given by
g(2) =2° + Z b,z™ .

n=p+1
The Hadamard product (or convolution) of f and g is given by
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(Fe)@) =20+ ) anbyz" = (g = )@,
n=2

For the functions, f,g € H(U), we say that f is subordinate to g, written f < g or f(z) < g(z), if there exists a
Schwarz function w(z), which is analytic in U with w(0) =0 and |[w(z)|<1 (z€U) such that
f(2) = g(w(2)) (z € U) (seell2], [16]).

Furhermore, if g is univalent in U, then we have the following equivalence:

f(2) < g(z) & f(0) = g(0) and f(U) < g(V).

Definition 1. [1, 9, 14].
A function f € A(p) is called p—valent starlike of order o if f(z) satisfies the following condition:
zf'(z

Re { f'(2)

f(2)

we denote by S7(a) the class of all p-valent starlike functions of order a.

}>a 0<a<p;peEN; zel), (2)

Definition 2 [14, 18, 19].

A function f € A(p) is called p-valent convex of order a if f(z) satisfies the following condition:
z2f"(2)
f'(@)
we denote by K, (a) the class of all p-valent convex functions of order a .

The classes S;(a) and K,,(a) were studied by Patil and Thakare[19] and Owa[18].

Re{1+ }>a(0£a<p;peN;zeU), 3

Further from (2) and (3), we can see that:
@) € Kyla) = L p(z)

We denote by S; = S,;(0) and K, = K,,(0), where S7 and K, are the class of p-valent starlike functions

€ Sy(a). (4)

and p-valent convex functions, respectively, (see[15]).

Definition 3 [18, 19].
A function f € A(p) is called p —valent close—to—convex of order a if f(z) satisfies the following condition:
{Zf’(Z)
Re
9(2)
we denote by C,(«) the class of all p-valent close-to—convex functions of order a.

}>a(0$a<p;g€5*;zEU), 5)

Definition 4 [1, 18].
A function f € A(p) is called p -valent quasi—convex of order a if f(z) satisfies the following condition:
{(Zf @)
Rej—————
9'(2)
we denote by C;(a) the class of all p-valent quasi—convex functions of order a.

}>a(0£a<p;gEKp;zEU), (6)

Definition 5 [1, 4].
A function f € A(p) is said to be in SP,(a), the class of wniformly p-valent starlike functions of order a if it

satisfies the condition:
#f' @)
f(2)

Re {Z;;S)} =

p‘ + a. 7
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Definition 6 [1, 4].
A function f € A(p) is said to be in  UCV,(«a), the class of uniformly p-valent convex functions of order a if it

satisfies the condition:

Re {1 - Zf”(z)} > |1 D

@ @ p| te @)

Definition 7 [1, 3, 4].
A function f(z) of the form (1) is said to be in the class of f-uniformly p-valent starlike functions, denoted by
B — UST,, if it satisfies the following condition:
zf'(z zf'(z
Re{f()}>ﬁ f'@
f(@) f(2)

p‘ (B=0;z€l). 9

Definition 8 [1, 3, 4].
A function f(z) of the form (1) is said to be in the class of p-uniformly p-valent convex functions, denoted by
B — UCV,, if it satisfies the following condition:
zf"(z
f’ ( )} > p
f'(@)

2f"(2)
@

1+

Re{1+

p| (B=0; zeU). (10)

Definition 9 [3, 4].
A function f € A(p) is said to be in UKC,(a), the class of uniformly p-valent close~to-convex functions of
order o if it satisfies the condition:
zf'(z
Re { f( )}
9(2)

zf'(z)
g9(2)

>

p| + a, an

for some g(z) € SP,(a).

Definition 10 [3, 4].
A function f € A(p) is said to be in UQC,(a), the class of uniformly p-valent quasi-convex functions of order a

if it satisfies the condition:

2f'(2)

> —
9'(2)

re )

p| + a, (12)

Definition 11 [3, 4, 13].
A function f € A(p) is said to be in SP, (B, a), the class of uniformly p-valent starlike functions of order a and
type B if it satisfies the condition:

re{Z >

'@
f@

p|+a (8B=0,0<a<p). (13)
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Definition 12 [3, 4, 13].
A function f € A(p) is said to be in UCV, (B, «), the class of wniformly p-valent convex functions of order a

and type B if it satisfies the condition:
z2f"(2)
f'@)

)

V4

f"(z
f'(@)

Re{1+ }2ﬁ|1+ —p|+a B=00<a<p) (14)
Lemma 1 [1, 6, 10].
Let a,b be complex constants and h(z) be univalent convex function in U with h(0) = p and Re(ah(z) +
b) > 0.
Let g(z) be analytic in U. Then
zg'(2)

9(2) + ag(z) +b

< h(z)inU,

implies p(z) < h(z) inU.

Lemma 2 [6, 7].
Let h(z) be convex univalent in U and Q(z) be analytic in U with  Re{Q(z)} > 0, (z € U).
If p(z) is analytic in U with p(0) = h(0) = p, then

p(2) + Q(2)zp'(z) < h(z), (z € V)
implies p(z) < h(z) in U, (z € U).

2. Geometric Interpretation
Let f,SPp(B,) and UCVp(B,a) are given by (1), (13) and (14), respectively, then f € SP,(f,a) and

€ if and only if 2@ and 142 @
f e Uhe@ o) YT e

which is included in the right half plane (see[2][4]) given by
Rge={w=u+iveCu>pJ/(u—-p)2+v*+a =0 and a €[0,1)}. (15)
We note that

, respectively, takes all the values in conic domain Rﬁ’a

(iy For g > 1, if f € SPp(B, @), then zf'(z)/f (z) lies in region Ry, such that
Rge={w=u+iveCu>p/(u—-p)2+v:+a, f=0anda€[0,1]},

that is, part of the complex plane which contains w = 1 and is bounded by the ellipse

(w— (8% — @)/ (B — 1))" + (B?/(B* - D)v? = B*(p — )/ (B — 1)?,

with the vertices at the points

A((Bp + @)/ (B +1),0% B((Bp — )/ (B = 1), 0);

(B —a) /(B -1, (0 — ) /B> —1);

(B — /(B = 1), (a—p)/VET—1).
Since

a<@r+a)/B+D<1<@Bp-a)/(B-1),

we have
Rgq ©{w:Rew > a}and so Rz, © S*(a),

Figure 1 shows this region.
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Forg >1

Bp—a, B  Bip—a)?
R N (R
Y v
T 2f(2)/f ()
—
U -~ C

v Figure 1

i) For B =1, f € SPx(B, a), then zf'(z)/f(z) belongs to the region Rg,, Which contains w = 2 and is bounded
by the parabola
u = (v +p? — a?)/2(p — a) with the vertic at the point A((p + a)/2,0), as shown in figure 2.

For =1
v? p+a
—_— < —_
2(p—a) (u 2 )
y v
w; zf'(2)/f (z) 1‘
v /\
///’ ’ ~\\
, \‘ A P
<+ ! ; > X ® % > u
\\\ //I 1 RS
v
v Figure 2
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i) For p>1, if feUCVy(B,a) then zf'(z)/f'(z) lies in the region Rg, such that
Rgeg={w=u+iveCu> ,[s’\/(u —p-1)?+v?+a—1, f=0and a € [0,1]}, that is, part of the complex

plane which contains w = 1 and is bounded by the ellipse

2 2 2 _ 2
(u—(A-a)+p*p-1)/B* -1+ B*/(B* - D)v? = £ (Oéﬁj—p 1)2 2

with the vertices at the points
A((-ByaZ+p?—2a+ (1 - )+ 2(p — 1))/(B* - 1),0);
B((ByaZ+p7 —2a+ (1 - )+ f2(p — 1))/ (B> - 1),0);
c((A-a)+ 2@ -1)/(B* - 1), +p?— 20)/(F2 - 1));
D(((1- @)+ B2 - 1)/ (B - 1), —/(@ +p? = 20)/(FZ - 1)),

Figure 3 show this region.

Forg >1
Dby Gl VRN i i Gl it %)
gz —1 Bz —1 (B2 —1)?
y v
4 2f"(2)/f' (@) 4
; L /\A

v

Cc
4 N A /\ B
I } . <«
D
4

Figure 3

(iv) For g =1, if UCVp(B, ), then zf"(z)/f'(z) belongs to the region R;, which contains w =2 and is
bounded by the u=W*+2(a—p)+p*—a?)/2(p - a)
with the vertic at the point A((p + a — 2)/2,0), s shown in figure 4.
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For =1

v? <+ 2—a-— p)
u
2(p —a) 2
y v
4 A
zf"(2)/f'(2)
Y /\A
/’—-\\\
« .I, \‘ A '/’ ---------
\ ' > X 4= L —» u
\ ’ e
N 725 el )
Sl 1
v v
Figure 4

Recently, Komatu (I51, [17]) introduced a certain integral operator LA(a>0; 1=0)
defined by

Laf (@) =

at

ﬁfolta—Z(zog P (zt)dt (z € U;a> 042 0;f(2) € A) (16)

Thus, if f(z) € A(p) is of the from (1), it is easily from (16) that (see [6], [11], [14])

2 o a—1+p’1 n .
of (2) =z° + TTaT1) W? (a>0; 1>0) 17)
n=p+1

Using the above relation, it is easy verify that
2L f(2) = (a =1+ p)Laf () — (a = DI f(2) (a>0;420) (18)

3- Inclusion Relationships for New Subclasses of P-valent Functions
Let f be given by (1) and the integral operator L%: A(p) — A(p) be given by (17), (see[8.[13])
Now, we define new classes by using the operator Lg as follows:
Definition 13.
Let f(z) € A(p) given by (1).Then f(z) € SB;,(B,a) if and only if
Lif(2) € SP,(B, @) (19)
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Definition 14.
Let f(z) € A(p) given by (1).Then f(z) € UCV;fa([)’, a) if and only if

Lif(z) € UCV, (B, a) (20)
Definition 15.
Let f(z) € A(p) given by (1). Then f(z) € UKC}, (B, ) if and only if

Lif(z) € UKC,(B, ) (21)
Definition 16.
Let f(z) € A(p) given by (1).Then f(z) € UQC;,Q(B, a) if and only if

Lif(z) € UQC,(B, ) (22)

Theorem 1.

Let f(z) €A(P);a>0, =0 0<a<p, A>0.Then
SP}a(B,@) € SPIE (B, @).

Proof.
Let f(2) € SP},(B, @) and suppose that
(147 f@)
TN p(2), (23)

where  p(z) =p +p1z +ppz? +--- is analyticin U and p(z) = 0 forall z € U.
Using the identity (18), we have

-1 LA
P @+ @ 21

By using the logarithmic differentiation on both side of (24) with respect to z, we obtain

r

(if@) (@)

Bf@ @ p@+(a-1)
which, in view of (23), yields
2 (@) 20 (2)
O O ICES) (25)

From (25), we see that
Re{h(z) + (a—1)} >0, (z€U),

and
zp'(z)
z)+————— < h(2),
p(2) 2D+ (@=1) (z)
thus, by using Lemma 1 and (23), we observe that
p(2z) < h(2),

so that
f(2) € SPIZ(B,¥),
this implies that
SPPA,G(BI a) C SPpA,:L—l(BJ a)
This completes the proof of Theorem 1.
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Theorem 2.
Let f(2) €EA(p);a>0, f=0,0<a<p, 1=0.Then
UCV; (B, @) € UCVE* (B, ).
Proof.
f(2) € UCV (B, a) & Lif(2) € UCV,(B, @)

= 2(Lif@) €SP (B.)
o Li(zf'(2)) € SP,(B, @)
< zf'(z) € SPp’lya([)’, a)

= zf'(z) € SB{Z*(B, @)

= Lf;“(zf’(z)) € SB,(B,a)
= 2(14"f @) €SB, B,a)
= L3 f(2) € UCK, (B, a)
= f(2) € UCW (B, ).
Which evidently proves Theorem 2.
Theorem 3.
Let f(z) e A(p);a>0, =0, 0<a<p, 1=0.Then
UKC},(B,a) € UKCAEH (B, ).
Proof.
Let f(z) € UKC},(B, a)-
Then, by (21), there exists a function q(z) € SP,(8,a@) (0 < a < p) such that

2(Lif @) |
T < lp(Z) inU (26)
Taking
q(2) = L3g(2) € SB, (B, ). 27)
We find from (19) and (27) that g(z) € SP}, (B, a) and
2(Lif @) _
W < l/)(Z) inU.
Respectively. We now let
(L7 f@)
g p(2). (28)

Where p(2) =p+pz+p,z°+
Making use of the operator identity (18), we also have
2(14f®) _1ir @)
lig(z) — Lig®@
(I @) + (@ - DI ()
T 21 @) + (- DI

By Theorem 1, we know that

9(z) €SB, (B, @)
and
SP.(B,a) € SPIA (B, @) (29)
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so that we can put
A+1 '
z(14"9(2)

Fg 0@ G0)

where
Re{G(2)} >0, (z€eUl).
Upon substituting from (28) and (30) into (29), we have

A&+ (o1 @)

' 13z @)
VA (Lf;f(z)) Lﬁ"'lg(z) + (a - 1) Lé"’lg(z)
Ligz) 2(129@)’
Lﬁ“g(z) + (a - 1)
(184 (21 @)
% + (a—Dp(2)
Lg 9(2) (31)
G2)+(a-1)
Now from (28), we have
2(LEf(2) =p(@DLEg(2). (32)

Differentiating both sides of (32) with respect to z, we have

(2147 @)) = 129 @ (20’ @) + p(2)2 (L3 9@))
Z

(Lg+1(zf’(z)))’ _ ’
gy (@@ +zp'@) (33)
Making use of (26), (31) and (33), we get
2(Lif@) ()
O O F TR R 34

since
Re{G(z)+a—-1}>0, (z€eU).
Hence, be taking
Q) =
In (34), and applying Lemma 2, we can show that
p(2) <Y(z) inU

G2)+(a-1)

so that
f(2) € UKCIZ (B, @)
this implies that
UKC},(B,a) c UKC}E1(B, ).
This completes the proof of Theorem 3.
Theorem 4.
Let f(z) €eA(p); a>0, =0, 0<a<p, A=0.Then
UQCha(B, @) c UQCSE (B, ).
Proof.
f(2) € UQCL.(B, @) & Lif (2) € UQC, (B, @)
= 2(Lif (@) € UKC,(8,0)
s Lf;(zf’(z)) € UKC,(B, )
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© zf'(2) € UKCy(B, a)
= zf'(z) € UKC}4' (B, @)
& LA (zf'(2)) € UKC,(B, @)
oz (L?;if(z))' € UKC, (B, )
= LG f(2) € UQC, (B, )
= f(2) € UQCIE (B, ).
Which evidently proves Theorem 4.
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